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Abstract

We perform distributional comparative statics in a cheap talk model of
adaptation. Receiver borne adaptation costs drive a wedge between the objec-
tives of sender and receiver that is increasing in the magnitude of adaptation.
We allow for infinite supports with infinite disagreement at the extremes and
compare communication to simple delegation. We find that increases in risk
are detrimental to communication: Linear transformations of the state (scale)
change communication as well as delegation payoffs proportionally. By con-
trast, convex transformations of the state (shape) only reduce communication
payoffs and make delegation relatively more attractive. Our finding extends to
the comparison of distributions with thin (logconcave) versus heavy (logconvex)
tails.
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1 Introduction

This paper studies communication between an expert and a decision-maker. The
expert exclusively cares about scientific aspects, whereas the decision-maker also faces
a political or firm-specific cost of adapting to the expert’s advice. The cost drives
a wedge between the expert’s and the decision-maker’s objectives that is increasing
in the magnitude of adaptation. As we allow for infinite supports, there is infinite
disagreement at the extreme states. An inadequate response to advice in an extreme
state is what we call a catastrophe in this paper. Our main focus is on the impact
of the distributional environment on communication, in particular, on the relative
likelihood of extreme states and extreme disagreement. We wonder how equilibrium
advice and equilibrium payoffs change when extremes states get more extreme and
more likely. We provide tools in terms of stochastic orders that allow us to rank
distributions with respect to their impact on equilibria and payoffs. We compare the
communication outcomes to the outcomes under the alternative decision protocol of
simple delegation. We find that delegation becomes relatively more attractive when
extreme conflicts become more likely.

To illustrate, consider the following examples of communication with catastrophic
outcomes: Experts suggested to adjust the drilling procedure in face of new evidence
prior to the oil drilling blowout on the Deepwater Horizon, BP however decided not
to change its procedures against expert advice. At the Challenger space shuttle
explosion engineers warned in vain about potential problems arising from the low
temperatures. Officials delayed the evacuation of the Ahr valley despite experts’
warnings of an extreme rise of the water level and a flooding of the Ahr valley.
Communication on the brink of these catastrophes was evidently unable to avert
them. Expert advice was not sufficiently taken into account. Is it better to delegate
the decision rights to the expert when extreme events are possible? Or when such
events are relatively likely?

To address our question, we introduce the following model. A decision maker
(receiver) seeks advice from a scientific expert (sender). The sender as well as the

receiver care about the right action being taken given the state. The decision maker,



however, faces additional concerns such as political or firm-specific costs of adaptation.
Formally, sender and receiver share a common payoff component aiming at minimizing
a common quadratic loss function. In addition to the common loss, the receiver faces
a quadratic cost of adaptation; costs are zero if the decision-maker takes the prior
optimal action and increase in the deviation of the implemented action from the prior
optimal action. As a consequence, the ideal choice functions of sender and receiver
are linear with different slopes and intersection at the prior optimal action. There is
thus a state dependent bias between sender and receiver that increases in the distance
to the expected state, the mean.

The sender perfectly observes the state of the world and sends a cheap talk mes-
sage to the receiver who then takes an action (Crawford and Sobel (1982)). We
compare the payoffs arising under communication to the alternative protocol of sim-
ple delegation, in which the decision maker delegates the decision rights to the expert
(Dessein (2002)). Our main focus is on the impact of changes of the distribution on
communication. More technically, we study comparative statics of cheap talk equi-
libria and payoffs under linear and convex transformations of the state variable. In
particular, we wonder what happens when extreme states get more extreme and more
likely:.

We first establish existence and essential uniqueness of cheap talk equilibria that
induce a given number of receiver actions up to a countable infinity (Proposition 1).
Logconcavity and symmetry of the density in addition to linearity of the bias ensure
that our environment features enough regularity to prove these results.

We then focus on linear transformations of the state variable. We fix the shape of
the distribution and scale the distribution up by increasing the variance. We consider
all symmetric distributions with logconcave densities, a rich class of distributions. As
an example, imagine the uniform distribution and making the support wider. We show
that the result is a linear spread of the equilibrium actions, resulting in a reduction
of expected utilities that is proportional to the increase in the variance (Lemma 1).
Since the payoff under delegation is also proportional to the variance (Lemma 2),

both payoffs are linearly decreasing in the variance. Hence such linear change never



implies a switch in the optimal decision-procedure from communication to delegation
(Corollary 1).

For the further comparison of distributions, we consider changes that keep mean
and variance constant. Since variance as a scale variable does not explain the choice
of institutions, this is a necessary step. It poses, however, considerable analytical
difficulties: standard stochastic comparisons such as a mean preserving spread, the
convex order, and a standard monotonic likelihood ratio all imply an increase in
variance and are thus ruled out.

We next focus on convex transformations of the state variable. We fix the variance
and change the shape of the distribution by making the tail of the distribution heavier.
Formally, we compare symmetric distributions whose half-distributions (distributions
folded at the mean) are ordered in the convex transform order (van Zwet (1964)).
We show that the quantiles of the sender’s equilibrium marginal types are ordered
such that all quantiles are larger in the more convex/risky environment (Proposition
2). This result holds irrespective of whether the supports are bounded or unbounded.
The convex transform order is invariant to changes in scale, it orders equilibrium
strategies in the quantile space. Since the equilibrium strategies are scale-dependent,
we need to complement the convex transform order with a scale-dependent order
that allows us to order the equilibrium strategies in the state space to get sharper
predictions. We adopt several approaches.

We first compare two distributions with bounded supports, such that the more
risky one has a larger support. While the half-distributions must violate the monotone
likelihood ratio property for such supports, it is still possible to obtain a modified
version of the order when equalizing the supports of the distributions. We obtain a
clear comparison this way: the equilibrium strategies form a mean-preserving spread
proportional to the size of the support (Proposition 3). While this comparison of
distributions explains everything when it comes to equilibria, the approach is not
useful for expected utilities because the magnitude of the scaling factor needed to
equalize the supports remains unexplained.

We then adopt a more general approach and compare distributions without cor-



recting for differences in supports, allowing for bounded and unbounded supports.
Our comparison is based on the uniform conditional variability order (Whitt (1985)).
Distributions for which the half-distributions are comparable by the uniform condi-
tional variability order and the convex transform order feature a unimodal likelihood
ratio and their cdfs cross once on each side of the prior mean: the less risky distribu-
tion is stochastically higher for small deviations from the prior mean, while the more
risky distribution is stochastically higher for large deviations from the prior mean. In
combination with the ordering of quantiles, we show that this implies that the distri-
bution of receiver actions in the less risky environment is a mean preserving spread of
the corresponding actions in the more risky environment for sufficiently high marginal
costs of adaptation (Corollary 2). Thus, there is more information transmission in
the less risky environment.

To quantify our comparison and the ‘sufficiently’” high marginal cost of adaptation,
we rely on dynamic programming methods. We derive a lower bound on the payoft
gains that result from communication (Proposition 5) under the assumption that the
distribution features a convex tail truncated expectation function —i.e., the conditional
expectation, conditional on a truncation to the tail, as function of the truncation point
is convex in the truncation point. This implies that the distribution becomes more
risky when truncated to the tail. The Gauss distribution is an example. The result
generalizes the closed form expression for the gain from communication for linear
tail truncated expectations, satisfied by the class of generalized Pareto distributions
(Deimen and Szalay (2019)).

We then use these bounds and closed form expressions to come back to explaining
the connection between risk and the choice between communication and delegation.
For the generalized Pareto distribution, we obtain a function — of the shape param-
eter of the distribution and the alignment of interest parameter — that characterizes
indifference between the two institutions (Proposition 6). In more risky environ-
ments there is more delegation at the optimum. Comparing the Gauss distribution
to the more risky Laplace distribution, we confirm that at the optimum there is more

communication in the less risky environment (Proposition 7).



Last but not least, we consider environments with infinite supports that feature
thin — sub-exponential — tails versus those that feature heavy — super-exponential
— tails. These environments feature half-distributions that are ordered in both the
convex transform order and the uniform conditional variability order. Consequently,
our result that communication suffers in risky environments extends (Proposition 8).
Vice versa, we show that the introduced partial stochastic orders capture the essential
comparison of thinner versus heavier tails.

To summarize, linear transformations of random variables — changes in scale —
make everyone worse off but don’t trigger any changes in the optimal institutions. In
contrast, convex transformations of random variables decrease the gains under com-
munication and imply that delegation becomes more often optimal for the receiver. It
is somewhat surprising that the receiver prefers to delegate for an increased likelihood
of extreme states: from the receiver’s perspective, the sender strongly overreacts in
extreme states which imposes very high adaptation costs associated with delegation.
The problem with keeping authority, however, is that the sender knows that the re-
ceiver is reluctant to follow the advice: the receiver takes relatively more cautious
actions and therefore the expert exaggerates even more. As a consequence equilib-
rium partitions are coarsened and the quality of communication suffers substantially.
Delegation, in contrast, allows the receiver to commit to following the sender’s advice
and thus makes better use of the sender’s superior information.

The following well-documented example illustrates catastrophic decision making
based on communication in risky environments.! The oil drilling industry in the Gulf
of Mexico faced a drastic change in the production environment between 1990 and
2009 moving from shallow to deep water. During this period the oil production from
deepwater wells increased from 4.4% to 80% of the total volume. (“Deepwater energy
exploration and production [...] involve risk for which neither industry nor government
has been adequately prepared [...].” p.9) British Petroleum (BP) was drilling for oil
from the rig Deepwater Horizon in the Macondo well in the Gulf of Mexico, when

in 2010 a blowout with catastrophic consequences occurred. BP, the owner of the

!The information provided here is based on the report of the National Comission on the BP
Deepwater Horizon oil spill and offshore drilling (2011).



drilling rights, relied on a subcontractor, Transocean, to perform the drilling. BP
(the receiver) directed the work, Transocean (the sender) provided advice, the drilling
rig, and the crew operating it. BP and Transocean had agreed on a budget and a
timeline (p.2). Every adaptation away from the planned procedure was costly to
BP with costs increasing in the length of the resulting delay. As a consequence,
BP responded conservatively to proposed changes by Transocean and made decisions
that deviated from the recommended actions (p.125). The report states that “Most,
if not all, of the failures at Macondo can be traced back to underlying failures of

management and communication.” (p.122).2

We contribute to the literature on adaptation in organizations. Alonso et al. (2008)
and Rantakari (2008) investigate whether decision-authority should reside at the top
of a hierarchy or further down at the level of division-management. Even though these
papers consider multi-divisional organizations in which there are additional concerns
of coordination, the optimal allocation of authority essentially resolves a delegation
versus communication trade-off. These papers as our’s use the communication model
with linear state-dependent bias that was first studied by Melumad and Shibano
(1991). Imperfect profit sharing in their models and adaptation costs in our model
provide a micro foundation for such linear conflicts. Since the adaptation costs are
increasing in the size of the adjustment, the wedge between the expert’s and the
receiver’s objective is largest at the extremes of the support. This gives a natural
connection to catastrophic outcomes in extreme states and to such outcomes becoming
more likely if the state distribution features heavier tails. Our analysis can directly
be applied to situations in which the state can a priori only take positive values.
Moreover, it can be extended to the Crawford and Sobel (1982) model with a one-
sided bias. We leave this to future work.

More recent contributions to the adaptation literature include Rantakari (2013),

Dessein et al. (2022), and Liu and Migrow (2022). Liu and Migrow (2022) analyze

2A catastrophe in this paper corresponds to a catastrophically low payoff that is human made.
It stems from large disagreement in exceptional situations. There are other situations in which a
catastrophe is commonly anticipated — imagine a meteorite coming earth’s way. Such a situation
could arguably align interests perfectly. While this is an important and interesting situation, we
focus on human made catastrophes in this paper leaving other cases to future work.
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a model of disclosure with information acquisition. They show that the distribution
of an uncertainty parameter has an important impact on the optimal allocation of
decision-rights in their problem. Rantakari (2013) allows firms to choose the compen-
sation and the authority structure jointly. He finds that firms that operate in volatile
environments are characterized by decentralized decision making and a compensation
with focus on performance at the division level. Dessein et al. (2022) provide a the-
oretical model predicting that an environment that is more volatile locally results in
more decentralized decision making only when the need for coordination across sub-
units is low. We bring new tools to this literature which typically focuses on volatility
in the sense of an increase in the variance of a uniform state. Because we study the
impact of heavier tails on unbounded supports, instead of the usually assumed com-
pact state space, we need to build our model from scratch. We prove existence and
uniqueness of equilibria, analyze the role of the variance for all distributions with a
fixed shape, and study variations in the shape of distributions. We provide compar-
ative statics on the heaviness of the tails which have not been studied before in the
context of strategic communication.

Related cheap talk models with endogenous conflicts are Deimen and Szalay (2019)
and Anti¢ and Persico (2020). Anti¢ and Persico (2020) consider various ways in which
conflicts can arise endogenously, e.g. trading in a stock market prior to communication
in a firm. In Deimen and Szalay (2019) a sender acquires noisy signals about a
multidimensional state. Depending on the sender’s choice of information, conflicts
with the receiver arise. We show that communication is better than delegation in
a multidimensional elliptical generalized Pareto environment with heavy tails. Our
analysis here builds on our earlier work and provides extensions and generalizations
in various directions. We do not impose any functional form on the distribution but
use the generalized Pareto distribution as an illustrative example.

The essential new perspective that we bring to the comparison of communica-
tion and delegation is the impact of arbitrarily large conflicts. This complements
the focus of Dessein (2002), who is the first to study this comparison in the seminal

paper of Crawford and Sobel (1982). He shows that whenever interests are suffi-



ciently aligned such that influential communication is possible, the receiver prefers
to delegate. When the conflict between sender and receiver gets arbitrarily small,
Dessein (2002) shows that payoffs from simple delegation approach first-best payoffs
faster than those arising from strategic communication.?* In our setup, increasing
the likelihood of extreme conflict has a detrimental impact on communication so that
delegation becomes relatively better.

Chen and Gordon (2015) also perform distributional comparative statics in strate-
gic information transmission. They show that information transmission is improved
when ideal choices are closer, which is satisfied when the distributions are ordered
by the monotone likelihood ratio order. We apply a scaled version of the monotone
likelihood ratio order to our analysis on bounded supports. The approach is useful
to obtain comparative statics results on equilibrium strategies. It can, however, not
be used for comparative statics of expected utilities, because of a scaling factor.

To explain the impact of heavier tails on infinite supports on expected utilities,
we go back to other stochastic orders. Whitt (1985)’s uniform conditional variability
order and van Zwet (1964)’s convex transform order are long known in statistics (see
also Shaked and Shanthikumar (2007)) but have not been studied in the literature on
strategic information transmission. In fact, with few exceptions, the economic theory
literature has paid little attention to the shape of distributions. Jewitt (2004) offers
an insightful overview of problems in which shape matters. He provides connections
among partial orders that describe shape, among them van Zwet’s convex transform
order. More recently, Di Tillio et al. (2021) show that shapes of distributions, mea-
sured by the convex transform order, have a decisive effect on whether winning bids

contain more or less information than all the bids in an auction.

The remainder of the paper is organized as follows. We present our formal model

in Section 2. Equilibria of the communication game are derived in Section 3. This

3Interestingly, an increase in variance — the support of the distribution — has a similar effect
than direct reductions of the sender’s bias (effectively, it is the ratio of bias over standard deviation
that determines the quality of communication and delegation). Therefore, changes in variance have
consequences for the delegation-communication choice in this model.

4See Dilmé (2022) for approximate characterizations of strategic information transmission equi-
libria with small biases.



section also studies the impact of linear transformations on equilibria and payoffs.
In Section 4, we consider convex transformations. We combine stochastic orders to
derive equilibrium and payoff comparisons for different distributions. In Section 5, we
introduce a dynamic programing method to quantify the gain from communication.
We apply our findings to the generalized Pareto distribution and the Gauss distribu-
tion. An extension to a comparison of thin versus heavier tailed distributions is given

in Section 6. Section 7 concludes. All proofs are in the appendix.

2 Model

We consider a game with two players, a sender S and a receiver R. Sender and receiver
have preferences that reflect a common adaptation motive captured by quadratic
payoffs that depend on an action y € R and on the realization 6 of state of the world
©. For the sender,

us (y,0) = — (y — 0)°.

The receiver faces an additional cost of adaptation c(y) = v - ?, with v > 0 such
that ug (y,0,7v) = — (y — 9)2 — - y?. Defining a := ﬁ, the ideal choice functions of
sender and receiver are yg (#) = 0 and yg () = a - 0, respectively, where a € (0,1) as
v > 0. Because of the additional cost, the receiver adapts more conservatively than
the sender. The parameter a measures the alignment of interests, with higher values
corresponding to more alignment.® Since positive affine transformations of utility
functions describe the same preferences, we conveniently merge the receiver’s motives
into one loss function and write®

UR(yveva):_(y_a'e)Q'

The state of the world © is a random variable with a common prior distribution

°In terms of the literature, the sender’s bias is state dependent and equals (1 — a) - 6.

6Note that ug(y, 0,v) = f% (y—a- 0)27(1 —a)-0%, with y = 1_7“ The transformation obviously
affects levels of utility, but does not impact choices at any margin. The ideal choice functions of the
two specifications are the same, and, moreover, the specfications feature the same trade-offs when

choosing among institutions of decision-making.
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F with density f on an interval support S = [§ , ﬂ C R. We assume that the density
is symmetric (S = —&), logconcave, and that the mean is zero and the variance o2
is finite. Logconcavity ensures that optimal choices and expected utilities are well
defined and that the tail of the distribution is relatively thin. In particular, we rule
out distributions with tails that are heavier than exponential (Laplace). Symmetry
of the density implies that we can write f(0) = /@éw (g—i), where k is a normaliz-
ing constant and 1 is a (density generator) function that captures the shape of the
distribution.” Importantly, the density depends only on the standardized variable g.
This representation allows us to vary the shape of the distribution and the variance
independently, to study different measures of risk.

The sender privately learns the realization of the state . The receiver can choose
to communicate with the sender (communication). In this case, a sender strategy
maps states into distributions over messages, Mg : S — AM; and a receiver strategy
maps messages into actions Y : M — R. Strict concavity of payoffs implies that a
restriction to pure receiver strategies is without loss of generality. As a simple alter-
native, the receiver can choose to delegate decision-making to the sender (delegation)
in which case a sender strategy maps states into actions, Ys : & — R. We solve for

Bayes Nash equilibria of the game.

3 Equilibria and Payoffs

3.1 Equilibria of the communication game

As is standard in cheap talk games satisfying the single crossing condition, equilibria
are partitional. A partitional equilibrium is characterized by a sequence of critical
types, t" = (t), with ¢!, < t and n relating to the number of induced actions.
Sender types strictly within an interval, (t?fl,t?), induce the same action; critical

types, t', are indifferent between inducing the action in the interval below or the

"Note that any symmetric one-dimensional density is elliptical (Cambanis et al. (1981)). The
particular representation of elliptical densities can be found, e.g., in Gémez et al. (2003). Many
distributions that are used in economics are elliptical with logconcave densities. Examples include
the uniform, the Gaussian, the Laplace, and many more.
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action in the interval above. As we show in Proposition 1 below, for any finite number
of induced actions equilibria are symmetric in our model. For notational simplicity
we, therefore, take ¢ > 0 and denote the critical types below zero by —t? for all 7 and
n. Receiving a message that indicates that 6 € [t,t), the receiver updates her belief
by forming the conditional expectation u(t,7) = E [0©]© € [t,{)]. For equilibrium

critical types t", we define
pl=E[0]0¢c [t ,t!)] fori=1,...,nand pl, :=E[B]O>1]. (1)

Thus, the receiver’s equilibrium action given a message indicating 6 € [ A f) is

a- p = argmax, Elug(y,0,a)|0 € [t7,t7)]. The indifference conditions of critical

types that determine partitional equilibria are given by

th—a-pl =a-pt,—t, fori=1,...,n (2)

Symmetric equilibria come in two classes, depending on whether the total number
of induced actions is even or odd. In an equilibrium with an even number of actions,
type # = 0 must be a critical type. We call this type of equilibrium an Even equilib-
rium, and the characterization uses ¢ = 0. If the total number of induced actions is
odd, then a symmetric interval around zero is part of the equilibrium. We call this an

Odd equilibrium. In this case, we omit ¢ from the construction. For an illustration

with n = 1, see Figure 1. The step function depicts the receiver’s actions.

Proposition 1 Assume a symmetric distribution with a logconcave density.

i) For all n, there exist an essentially unique Even equilibrium, that is symmetric
and induces 2 (n+ 1) actions, and an essentially unique Odd equilibrium, that is
symmetric and induces 2n + 1 actions.

it) Even and Odd equilibrium thresholds and actions converge for n — oo. The limits
8

define equilibria that induce infinitely many actions; we call them limat equilibrium.

In particular, we have lim,,_,» t} = 0 and lim,,_, 1! < 0.

8We do not rule out the existence of other infinite equilibria, we focus on limit equilibria through-
out the paper.
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Odd:

3
-

Figure 1: Partitional equilibria. Even and Odd equilibria for n = 1. In a limit
equilibrium, intervals around the prior mean 0 get arbitrarily small as n — oo.

Part i) of Proposition 1 proves the existence and uniqueness of partitional equi-
libria for arbitrary finite n. An analogous characterization of partitional equilibria is
given in Deimen and Szalay (2019) for the special case of the Laplace distribution.
Proposition 1 generalizes the result to all symmetric distributions with a logconcave
density. Note that the support can be bounded or unbounded. Logconcavity of the
distribution and alignment a € (0, 1) together imply that the solution of a certain
forward difference equation is monotonic in the initial value, which we use to prove
uniqueness.”

Part ii) of the proposition proves that the limit as n — oo also is an equilibrium.
A limit equilibrium features an accumulation point at zero and a finite highest critical
type, lim, . ]! < oo, even if the support is unbounded. The reason is that for a
distribution with a logconcave density the mean residual life, E[0 — 1|0 > t7], is
decreasing towards zero as ¢ — co. Equilibrium condition (2) implies a lower bound

on the distance between ¢! and the induced action below, p;.. Since this distance in

equilibrium must equal the distance between ), and the induced action above, i, ;,

9For the proof, we take equilibria as a combination of a “forward solution” and a “closure con-
dition.” A forward solution that starts at ty = 0, takes the length of the first interval, say t; = T,
as given, and computes the “next” threshold, ¢ (7), as a function of the preceding two, 7 and t.
Likewise, all following thresholds are constructed using their two predecessors. The closure condition
for an equilibrium with n positive thresholds requires that 7 is such that type t? (7) satisfies the
indifference condition.
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we get a lower bound for the mean residual life. Therefore, the highest critical type
must be finite to ensure that the mean residual life is sufficiently large. The insight
that there is a finite highest critical type even if the support is unbounded is new to
the literature, which typically assumes a compact state space.

The partition of a limit equilibrium is illustrated in Figure 1, bottom panel. While
the partitional form of equilibria is known from the seminal work of Crawford and
Sobel (1982), the structure of the limit equilibrium is closest in spirit to Alonso et al.
(2008) and Rantakari (2008). Gordon (2010) offers the first systematic account of
the existence of infinite equilibria. We add to this literature by highlighting the
role of distributions and, in particular, the role of logconcavity for existence and
uniqueness. Logconcavity provides a microfoundation for regularity properties that

are often imposed in the literature.'®

3.2 Communication gains

Define the random variable u" of conditional expectations on the discrete support
(£p) !, with g (given in equation (1)) derived from the equilibrium partition
(t). As is standard in cheap talk games with quadratic losses, the expected equi-
librium utility is a function of the expected residual variance after communication,
E[(0?)"], where (o)™ is the random variable of conditional variances conditional on
the equilibrium partition. The expected residual variance measures the expected un-
certainty left after communication has taken place. By the law of total variance, the
expected residual variance equals the prior variance minus the variance of the inferred

posterior means after communication,

E[(0%)"] = 0® — var (u").

0Following Crawford and Sobel (1982), the literature invokes condition M to ensure uniqueness.
Logconcavity of the density and a receiver response with a slope less than one — not necessarily
constant — is a condition on the primitives of the model that ensures that condition M is satisfied.
See Lemma A.4 in the appendix and Szalay (2012) for details. Gordon (2010) assumes a regular
receiver response. Our results are in line with his insightful characterization. We provide conditions
that make a receiver response regular.
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The variance of the inferred posterior means var (u") measures the expected infor-
mational gain from communication. Communication performs better if the expected
residual variance is smaller, or equivalently, if the variance of the inferred posterior
means is higher. For our comparative statics analysis, it turns out that the latter

object is analytically more convenient to work with.

3.3 Scale: linear transformations and equilibrium payoffs

As the next two lemmas show: our model is scalable. This means that equilibrium
strategies are linear in the standard deviation and that utilities are linear in the

variance.

Lemma 1 Fiz the shape of the distribution 1 (-).

i) Equilibrium strategies (t7') and a - (ul) are linear in the standard deviation o :

z" = (2) = <g) is the sequence of equilibrium critical types for the standardized
distribution with unit variance, and E[©|O € [t7,,t7]] = oE[Z|Z € [z}, 27]],
for Z .= %.

it) The receiver’s expected utility in any equilibrium of the communication game is a

linear function of the variance o:
Eu$™ (yg, ©,a) = —a® (02 - var(,u")) = —a*(1—{(a,n))o?,

for some function {(a,n) that is independent of o>.

The first statement follows from a change of variables to the standardized random
variable Z = %, which shows the equivalence of the original indifference conditions
to the ones with standardized critical types. The second statement uses the law of
total variance to write the receiver’s equilibrium expected utility as a function of
02 — var(p™) in place of the expected residual variance (as explained above). The
proof shows that the gain from communication var(u™) is linear in the variance.
This follows since the probability distribution over the equilibrium receiver actions is

not affected by the standard deviation and the conditional means are linear in the

standard deviation by part i).
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As a simple alternative to communicating with the sender, we consider simple,
unconstrained delegation to the sender.!! Under delegation, there is no loss of infor-
mation as the informed sender takes the action ys = 0. Sender and receiver, however,
disagree on the optimal action by (1 — a). This immediately implies the following

lemma.!?

Lemma 2 The recewver’s expected utility under delegation is
Euf! (ys,©,a) = — (1 —a)’ o”.

Hence, expected utilities, whether arising from communication or from delegation,
are linearly decreasing in the variance. A higher variance, thus, results in lower
expected utilities under both institutions. A higher variance, however, by linearity,

never results in a change of the optimal choice of institution in our model.

Corollary 1 Fiz the shape of the distribution ¢ (-). The choice between delegation
and communication — in any equilibrium of the communication game — is independent

of the variance o.

This is a direct consequence of o being a scale variable.!® By implication, if one
mode of decision-making is better than the other for some level of variance then it is
better for any level of variance. In other words, when comparing the optimal choice
of institution for two different distributions it is without loss of generality to focus on

distributions with the same variance:

1By contrast, under optimal delegation, the receiver can constrain the choice set of the sender.
See, for example, Alonso and Matouschek (2008). Optimal delegation can replicate communication
outcomes and is therefore always weakly better. We show that even simple, unconstrained delegation
can strictly improve upon communication.

12Note that communication dominates delegation for a < % The reason is that even a babbling
equilibrium, which is the worst among all equilibria of the communication game, results in a payoff
of —a?c2.

IBEquivalent observations have been made in the literature in models in which the state follows a
uniform distribution. We extend the result to all scalable distributions. The shape of the distribution
does not matter, as long as it is kept fixed.

16



Observation 1 Consider two distributions with shapes i, (-) and 4 (). The optimal
choice of institution is the same for both distributions if and only if it is the same for

both distributions where one of them is rescaled so that both have equal variances.

Thus, if the aim is to identify factors that affect the choice of institution, we can
focus on distributions with the same variance. This motivates our focus on more

complicated comparisons of distributions.

4 Shape: convex transformations

By Observation 1, differences in variances across distributions are not the driving force
behind changes in the choice of institution. For this reason, we net out differences in
variances in what follows. Instead of considering risk in terms of linear transforma-
tions (scale), we now focus on risk in terms of convex transformations (shape). We
study the implications of spreads in the distributions that leave mean and variance
constant, but do increase higher (even) moments.!* In particular, we combine pairs
of different stochastic orders which all have the feature that they provide compar-
isons of the shape of the distributions with respect to how much mass and how much
variability lies in the tails. We consider stochastic orders that describe higher risk

and that make a difference in the choice of the optimal institution.

4.1 Convex transformations and equilibrium quantiles

Consider two distinct random variables ©¢ and ©, with distributions F' and G and
densities f and g, respectively. Let ©, := |O;| and ©4, := |©,4| denote the absolute
values of these random variables (or equivalenty, by symmetry, the random variables
with distributions truncated to the positive halves of their supports) with densities
f+ and g, and cdfs F; and G, respectively. By symmetry, it is without loss of

generality and analytically convenient to study the (one-sided) half-distributions F,

14We emphasize that the assumption of a constant variance rules out that the halves are stochas-
tically ordered (FOSD) and the distributions overall are higher in the convex order (SOSD).
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and G;. The economic intuition, however, is easier to convey by means of the two-
sided distributions F' and G. We, therefore, go back and forth between the two
representations in what follows.

We assume throughout the paper that random variable ©, is more variable than
random variable ©; in the sense of nested supports, Sy C S,. For bounded supports,
we assume Sy C S,.

Moreover, we assume throughout the paper that ©,, results from a convex trans-

formation of ©;, in the following sense:

Definition 1 (van Zwet (1964)) Oy, is smaller than O, in the convexr transform
order, Oy <.0O,, , if

G'Fy (0) is convex in 0 on the support of Fy. (CTO+)

Intuitively, distribution Gy is more skewed than F, towards high realizations on
the support. Because of the common origin at # = 0, convexity of GjrlFJr (1), and
S < S,, there exists a § such that G7'F, () = §. This implies that 1 — G, (0) <
1—F, () for 6 € (0,0) and 1 — G, (0) > 1 — F, (0) for § € (§,S,). Thus F, is
stochastically higher than G below 6 and vice versa above 6. By symmetry, G has
more mass in the tails than distribution F. Formally, if ©;, and O, satisfy CTO+,
then O is smaller than ©, in van Zwet’s S-order, ©; <g 0, (van Zwet (1964)), which
implies a higher kurtosis.

The convex transform order orders distributions independently of location and
scale (van Zwet (1964)). Therefore, rescaling distributions with bounded supports
to a common support preserves the ranking of the distributions according to CTO-+.

The intersection point @, however, depends on scale.

Proposition 2 Consider two distributions F', G such that C'TO+ holds. Then the

quantiles at the equilibrium thresholds under the respective distributions, t}';,t!'

isfy Fy ( ?f) < Gy (t;fg) for all n.

sat-

The proof of the proposition uses convexity and Jensen’s inequality. It shows that

under CTO+ the quantiles at the equilibrium thresholds are ordered. That is, the
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quantile at the i threshold under G is higher than the quantile at the i** threshold
under F'.. Note that the ordering only refers to the quantiles at the thresholds but
not to the thresholds themselves. The quantiles at the thresholds determine the
equilibrium probability distribution over the receiver’s actions. Hence, the receiver
is more likely to take relatively higher indexed actions under F; than under G . For

an illustration, see Figure 2 left panel.

4.2 The effects of shape and scale on equilibrium strategies

In this subsection, we assume that the supports are bounded. We first scale the
random variables to a common support, which is useful for a meaningful comparison
of equilibrium strategies. We then consider a stochastic order of distributions on

t.15 'We provide comparative statics of equilibria and show that

the common suppor
standard stochastic comparisons cannot be used to compare payoffs.

- Oy, , with density f+ and cdf F+

%\léf)\

Consider the scaled random variable ©; = p

on support 6 € [0,39}.

Definition 2 The distributions f+ and g, — scaled to the same support — satisfy the

monotone likelithood ratio property, if

is increasing in 6. (MLRP+)

9+ (9)

Condition MLRP+ implies that the distributions are ordered in the standard
stochastic order (FOSD) on the positive half of the support, thus 6 = S,. Tt says that,
scaled to the same support, higher realizations of # are relatively more likely under

distribution FJF than under distribution G,. On the entire support, the likelihood

ratio % is U-shaped so that more extreme realizations are relatively more likely

under F+ than under G;. This has the following impact on equilibrium choices.

15For unbounded supports, considered in the next subsection, we will introduce another order
consistent with the one provided here.
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Proposition 3 Consider two distributions F, G such that MLRP+ holds. Then the

.- . .. . . . tn tn n n
equilibrium critical types and induced actions satisfy 3—; > <% and %ff > % for all
g g
1 < n.
[l
Gt,/’r’
9)
B -__g_( f(e) r
Rt - [II: Tl e f (9)
Lo ] % % 462* : | 02 T
£ 147, 3, 5, ! Wig 1 |M2e S,
0 a’ul,f Ly 5 T2 f
f

Figure 2: Proposition 2 left panel and Proposition 3 right panel, for uniform distri-
bution F' (black dotted) and triangular distribution G (blue dashed).

If the distributions satisfy MLRP+, then the i*" threshold type and the i** induced
action by the receiver are farther away from the prior mean under ﬁ’+ than under G .
Since equilibrium actions are linear in scale, we can scale F+ back to the original
support to obtain the comparison relative to the lengths of the supports of F; and

G..'% For an illustration, see Figure 2 right panel.

Corollary 2 Suppose F,G satisfy CTO+ and MLRP+, then the distribution ofg—}; 18

a mean-preserving spread of the distribution of %—3, implying vary <g—i> > varg (g_?)
g g

If both conditions CTO+ and MLRP-+ hold together, then the distribution of
receiver equilibrium actions under F' corrected for the length of the support is a mean-
preserving spread of the distribution of receiver equilibrium actions under G. As is
well known, if one distribution is a mean-preserving spread of another distribution,
then the former has a higher variance. The reverse is not true. Hence, to conclude
that vary <g—i> > varg (%) it is sufficient but not necessary that the distribution of

by

is a mean-preserving spread of the distribution of .
g

n
i
Sy

6That MLRP orders equilibrium actions is known from Chen and Gordon (2015). We add the
aspect of scale.
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Propositions 2 and 3 deliver clear predictions about the comparative statics of
equilibria. For the ‘less risky’ distribution F', (i) the probability of the receiver tak-
ing higher indexed actions is higher (Proposition 2) and (ii) the scaled equilibrium
threshold types and induced actions are farther away from the prior mean (Proposi-
tion 3). The scale correction inherent in MLRP+, however, is not very useful for the
comparative statics of the expected utilities. The reason is that the ordering of the
gains from communication var; (,u}‘) > (%) i vary (;LZ) may result from % < 1 being
sufficiently small, instead of from the desired conclusion that vary (,u?) > varg (MZ)-

4.3 The effect of shape on equilibrium gains

Our next results allow us to compare distributions with respect to their gain from
communication — irrespective of supports. We drop condition MLRP+ and impose
instead a ranking of distributions that also holds for unbounded supports. We assume
that random variable ©,, is uniformly more variable than random variable O, in

the following sense.

Definition 3 (Whitt (1985)) ©y, is smaller than ©4, in the uniform conditional
variability order, O, <., ©
Sf+ cs

g+

if the support of ©y, is a subset of the support of ©

g+ g+

and the ratio

+ . .
is unimodal over S, ,
g9+ (0) o

but ©f, and O, are not ordered by the standard stochastic order.

where the mode is a supremum, (UCV+)

Figure 3 illustrates. The top panel depicts two densities f,g where g features a

relatively higher likelihood of extreme outcomes than f. The bottom panel depicts

the likelihood ratio, IO On the positive half of the support, i; ﬂz;

9(6) is unimodal with

interior mode m.

As we show in the proof of Proposition 4 below, ©;, <,, ©,, implies (again) that
there exists some 0 such that 1 — G (0) < 1—F, (0) for 0 € (0,0) and 1 — G, (§) >
1 — F, (0) for § € (A,S,). Thus, UCV+ implies, consistently with CTO+ that the

distribution of ©4 has more mass in the tails than the distribution of ©;.
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f+(0)
g+(0)

[t L

Figure 3: Top: distributions f, g satisfying UCV+. Bottom: the likelihood ratio 5.

Proposition 4 Suppose that the densities f and g are logconcave and induce the
same variance 0. Let Zﬁ satisfy UCV+ and let Fy and G, satisfy CTO+. Then,
there exists a’ € (0,1), defined in the appendiz, such that for a < a’, the distribution

of Wy is a strict mean preserving spread of the distribution of uy, implying that

var (i) > var, ().

Condition CTO+ implies that for any alignment a € (0,1) the equilibrium prob-
ability distribution over the receiver’s actions for density f puts more weight on the
more extreme actions than g. For a relatively low, all thresholds and receiver actions
are relatively close to the prior mean. Due to UCV+ this implies that the receiver’s
equilibrium actions are all farther away from zero under distribution f than under
distribution g. The two effects — the ranking of quantiles and actions — taken together

imply that the distribution of x is a mean preserving spread of the distribution of
Hg-

Note that our assumption in Proposition 4 on the level of «a is sufficient but not
necessary. In particular, a < o’ is sufficient, not necessary to obtain a mean preserving
spread, and a mean preserving spread is sufficient, not necessary to obtain a ranking

of variances. Increasing a above a’ will eventually result in distributions that are no
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longer comparable in terms of mean preserving spreads. Our result, however, only
requires the weaker condition of a ranking of the variances. Since the gains from
communication are continuous in a, the ranking of variances is preserved for a larger

set of alignment parameters beyond a':

Corollary 3 Suppose that the densities f and g are logconcave and induce the same
variance o®. Let 5—1 satisfy UCV+ and let Fy and G4 satisfy CTO+. Then, there

exists a” > a’ such that for a < a”,

varg(py) > vary(py ).

Under our assumptions, there is more information transmission and the expected
utilities are higher under f than under g. For both distributions, a higher marginal
cost of adaptation pushes all choices closer to the prior mean; there is less adaptation.
However, the less risky distribution is more resistant against this force, because its
half-distribution is stochastically higher close to zero. We conclude that a higher
weight in the tails is detrimental to the quality of information transmission, provided

that interests are ‘sufficiently misaligned.’

5 Delegation versus communication

In this section, we quantify the effects derived in the previous analysis. We provide
some meaning to the term ‘sufficiently misaligned’ interests used in Proposition 4
and Corollary 3. Moreover, we link our findings back to the comparison of delegation
versus communication. We show that for a given alignment of preferences, a more
risky distribution can change the optimal way of decision-making from communication
to delegation. All distributions we compare in this section are ranked according to
CTO+ and UCV+.

To quantify the effects and to derive a formula for the gain from communication,
we rely on a ‘dynamic programming’ procedure as our technical tool. The slope of
the tail-truncated expectation function ¢(t) := E[O]O >t| for t > 0, is a crucial

determinant of this value. The case of a linear tail-truncated expectation, which is
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satisfied by the two-sided generalized Pareto distribution is particularly structured.
We treat this in the next subsection. A second class of interest is the class of convex
tail-truncated expectation functions. The Gauss distribution is a prominent case with
this property, which we treat thereafter.

The gain from communication can be quantified as follows.

Proposition 5 Suppose that ¢(t) == E[O|© > t] is convex in t > 0. Then the vari-

ance of u™ in a limit equilibrium satisfies

) 2 2
var(p™) = =0 J0) ¢(0)°.

If ¢(t) is linear in t > 0, then the condition is satisfied with equality.

The (lower bound on) the variance of " in a limit equilibrium is a product of two
terms. The factor ¢(0)> = E[©]© > 0]* measures the amount of information that is
transmitted by binary communication, when dividing the state space into positive and
negative realizations. The factor #qﬁ’(l)) captures (a lower bound on) the additional
information contained by dividing each half into a countable infinity of subintervals.
The latter term depends on the slope of the tail-truncated expectation, ¢'(t). The
slope is constant for a linear tail-truncated expectation function which therefore yields
a closed form solution. The slope is increasing for convex tail-truncated expectations.
We thus obtain a lower bound on the variance of equilibrium actions by using the
minimal slope of the conditional expectation — which amounts to the slope at zero,
#(0).

The computation is based on a procedure which is akin to dynamic program-
ming (for @ = 1, i.e., identical sender and receiver preferences, it would be dynamic
programming in the literal sense). In particular, we compute the expected squared
deviation from ¢(0) conditional on the last interval, then conditional on the last two
intervals, and so on, proceeding towards zero. In each step, we can simplify the ex-
pression using the indifference condition of the threshold types, the law of iterated

expectations — which links expectations over subintervals to expectations truncated

to the tail of the distribution — and the special form of tail-truncated expectations. If
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the tail-truncated expectation function is linear in the truncation point, we can carry
an exact functional form backwards towards zero and in the limit obtain a closed
form expression. The procedure was developed in (Deimen and Szalay (2019)). Here,
we generalize the procedure to the case of convex tail-truncated expectations. For
this case, we show that at each step of the procedure, we obtain a lower bound on the
expected squared deviation from ¢(0). Thus in the limit, we derive a lower bound on
the expected gain from communication in a limit equilibrium.

Note that our quantitative assessment of communication gains via ‘dynamic pro-
gramming’ applies to any distribution that becomes relatively more variable towards
the tail of its distribution in the sense of a globally increasing residual coefficient of

variation (Gupta and Kirmani (2000)).'7

5.1 The linear case: generalized Pareto distribution

The tail-truncated expectation ¢(t) = E[O]© > ¢] is linear in ¢ > 0 if the state is
distributed according to a two-sided generalized Pareto distribution. For this class,

the density is

_ 1 0] 5! s s
F0:0,5) = o (1 + 5?) for 6 € {3, —3} , (GP)

where s € (0,00) is a scale parameter and § € [—1,0] is a shape parameter.'® The

variance of the distribution is

252

(1—0)(1—20)

o?(s,0) =

The shape parameter ¢ and the scale parameter s can be changed independently.

S

Increases in scale s make the support, [§, —3], wider and move equilibrium actions

17Gupta and Kirmani (2000) show that the residual coefficient of variation, i.e., the ratio of residual
variance and mean residual life squared, increases in the truncation point if ¢(¢) is convex in t.

18The distribution is constructed from the well-known one-sided generalized Pareto by reflecting
at zero. The location parameter is set to zero, to ensure that the mean is zero. The distribution
is defined more generally for shape parameters § € (—o0,00), but we restrict attention to the
subset that features logconcave tails. We treat the case ¢ > 0 in Deimen and Szalay (2019); these
distributions have logconvex tails and an infinite support.
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further way from the mean. Increases in shape d move equilibrium actions closer to
the mean, when controlling for the support. The distributions in this generalized
Pareto class satisfy the definitions CTO+, MLRP+, and UCV+ (see Lemma A.10 in
the appendix).

The class is rich as it nests many well-known distributions. In particular, the case
0 = —1 is the uniform distribution, 6 = —% is the triangular distribution, and the
limit case 6 = 0 is the Laplace distribution. For an illustration of these examples, see

Figure 4.

.....
P

Figure 4: The uniform distribution (solid red, 6 = —1) and the triangular distributions
(dashed blue, 6 = —1) and the Laplace distribution (dotted black, § = 0) all with
variance 02 = 1.

By Proposition 5, for the generalized Pareto environment the expected utilities

arising from communication can be stated in closed form.’

Lemma 3 For the two-sided generalized Pareto distribution with shape § € [—1,0]

and scale s* = 02(1_5)5;26), we have that ¢'(0) = 1715' Hence, in a limit equilibrium,
we have
o0 2 2 2 - 1%6 2
var(p®) = 5——-9(0)" = 5——<"0o". (3)
-5 -6

The second equality in (3) obtains from noting that ¢(0) = %5 and using the

5
functional form of the variance. Naturally, var(p") < wvar () < var(0). For

19Tn Deimen and Szalay (2019), distributions with a linear tail-truncated expectation are derived
from first principles as the solution to a differential equation. In that formulation, we obtain a
solution that involves variance and the slope of the tail-truncated expectation. Here, we observe
that the generalized Pareto class can be obtained as a re-parametrization — in terms of shape and
scale — of the distributions with linear tail-truncated expectations.
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a — 0, the value var(u®>) approaches the value of binary communication. Note
that for given alignment a € (0, 1), the value var(u™) is decreasing in §.2° A larger
shape parameter reduces the value of communication, less information is transmitted
in equilibrium. Thus, within the generalized Pareto class, the shape parameter has
a strictly negative impact on the gain from communication for any value of a < 1.
In the sense of Corollary 3, for this class, the condition of ‘sufficiently misaligned’
interests is always satisfied, i.e., a” = 1, and there is no restriction.

It is now straightforward to investigate the effect of the shape of the distribution

on the optimal choice of institution — communication versus delegation.

Proposition 6 Suppose the receiver can choose between communication and dele-

gation. Then, delegation is better than communication — in any equilibrium of the

communication game — if & > S:gz Communication in a limit equilibrium is better
N 2-3
than delegation if 6 < 5=52.
a
+1
Delegation
Communication .
‘ T 2
\
-1 o 9

Figure 5: Delegation versus communication. On the horizontal axis, the shape pa-
rameter J increases from —1 (uniform distribution) to 0 (Laplace distribution); on
the vertical axis, the level of alignment a increases from % to 1.

While the performance of delegation depends only on the variance of the envi-
ronment, the performance of communication depends in addition on the shape of the

distribution. The fraction of information that is transmitted in a limit equilibrium,
S

—__a
2 1-96

is smaller in environments that feature more shape, i.e., larger 5. We depict

the comparison in Figure 5.

29For a = 1, the value of partitional communication reaches the upper bound of fully revealing
communication. For a = 0, the receiver’s action equals zero for any sender strategy.
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Consistent with the literature, delegation dominates communication when the in-

terests are relatively well aligned and the receiver is quite responsive to the sender’s

2—26 21

555 The comparison in terms of shape adds a new dimension to the

advice, a >

literature. For a € (%, %), for a distribution with a low shape parameter communi-
cation is optimal but for a distribution with a higher shape parameter delegation is
optimal. In other words, an increase of the mass in the tail of the distribution induces
a change in the mode of decision-making from communication to delegation in the

named range.

5.2 A convex case: Gauss versus Laplace

A leading example within the class of distributions with convex tail-truncated expec-

tations is the Gauss distribution (see Sampford (1953)).

Lemma 4 For the Gauss distribution, ¢'(0) = % The gain from communication in

a limit equilibrium is bounded from below,

(0 = ——a”. (4)

By Proposition 5, for the Gauss distribution the expected utilities arising from
communication can be bounded from below. The lower bound on the variance of
equilibrium actions uses the minimal slope of the truncated expectation — which
amounts to the slope at the origin, ¢'(0) = % The equality in (4) results from the
fact that for the Gauss distribution ¢(0)* = 202,

With this at hand, we can compare delegation to communication under the Gauss
distribution and under the Laplace distribution. The Laplace distribution has the
largest shape parameter 6 = 0 in the class of logconcave generalized Pareto distribu-
tions. In this sense, this is the most risky distribution in this class.

Note that the Gauss and the Laplace distributions are ordered in the convex trans-

form order and that they satisfy the uniform conditional variability order (see Lemma

218ee, for example, Alonso et al. (2008) and Rantakari (2008) who study a uniform distribution,
i.e.,, § = —1. See also Dessein (2002).
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A.11 in the appendix). Interests are sufficiently misaligned in the sense of Corollary
3if a < a” = 0.858. The lower bound on the value of communication under the Gauss
distribution outperforms the exact value of communication under the Laplace distri-
bution. Using these values, we identify situations in which communication is optimal

for the Gauss distribution, while delegation is optimal for the Laplace distribution.

Proposition 7 If communication is preferred over delegation for the Laplace distri-
bution, then communication is also preferred over delegation for the Gauss distribu-
tion. Conversely, there is a nonempty set of preference alignment parameters a for
which delegation is preferred for the Laplace distribution whereas communication is

preferred for the Gauss distribution.

To rephrase the proposition, in the particular case at hand, there is (again) more
delegation compared to communication when the environment features more mass in
the tails in the sense of CTO+ and UCV+.

To understand the proposition more formally, recall that the locus of indifference
points between communication and delegation for the Laplace distribution can be
computed in closed form. In particular, communication is optimal for the Laplace
for any a < % Recalling that the lower bound on the value of communication under
the Gauss distribution outperforms the value from communication under the Laplace
distribution for a < 0.858 implies the first statement. To prove the converse state-
ment, we show that the lower bound on the value of communication under the Gauss
distribution trumps delegation for any a < 0.702. Since already for a > %, delegation
is preferred for the Laplace, there is a set of preference alignment parameter values,
a € (0.667,0.702), for which communication performs better for a Gauss distribution,
while delegation is better for the more risky Laplace distribution.

The Gauss distribution is one example. Similar results can be obtained for any
distribution with a logconcave density and a convex tail-truncated expectation func-

tion.
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6 Thin versus heavy tails

We have so far confined our attention to distributions with a logconcave density.
These feature relatively thin tails — logconcave densities have thinner tails than the
Laplace distribution, which features loglinear tails. We have used this restriction in
Proposition 1 to prove uniqueness and existence. We now drop the assumption to
discuss distributions with heavy tails — tails that are heavier than those of the Laplace
distribution. Note that we keep the assumption that the variance is finite, and thus
still impose a restriction that the tails cannot be too heavy.

We note that dropping logconcavity does not imply that equilibria necessarily
cease to exist, nor that there are necessarily multiple equilibria inducing a given
number of receiver actions. It may still be the case that Condition M holds (Craw-
ford and Sobel (1982)) or that the receiver responses are regular (Gordon (2010)).
Moreover, even if there are multiple equilibria, we may still compare the performance
of communication arising from symmetric equilibria. We state our next result in this

more conservative interpretation.

Proposition 8 Consider two symmetric distributions F,G with support on R and
with the same finite variance 0. Suppose that the density f is logconcave and the
density g, 1s logconvex. Then, u{ﬁ satisfies UCV+ and Fy and G4 satisfy CTO+.
Moreover, in any informative symmetric equilibrium, there exists a’ € (0, 1), such that
fora < d, the distribution of W is a strict mean preserving spread of the distribution
of wy, implying that

varg(py) > vary(py ).

The payoffs of the communication games are thus higher for distributions with log-
concave relative to logconvex densities. Note that there always exists an informative
symmetric equilibrium, since binary communication is always feasible.

To prove the proposition, we only need to apply Proposition 4. Hence, we aim
at showing that the conditions stated in the proposition imply that the distributions
are ranked according to CTO+ and UCV+. We first consider the UCV+ order and

relate it to the well-known concept of relative logconcavity.
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Definition 4 (Whitt (1985)) If g—i is logconcave then fi is said to be logconcave

relative to gy .

Lemma 5 Consider two symmetric distributions with the same variance and with
densities f,g on R such that ;—1 is logconcave. Then g—i satisfies UCV+, i.e., g, (0)

is uniformly more variable than f, (0).%

For example, note that g—i is logconcave if f, is logconcave and g, is logconvex.
As a consequence, two distributions satisfying the assumptions in Proposition 8 are
ranked according to UCV+.

We next, consider CTO+.

Lemma 6 Consider two symmetric densities f,g on R. If f. s logconcave and g,

is logconver, then F\ and G satisfy CTO+, i.e., GZ'F (0) is conver.

Thus the conditions of Proposition 4 are satisfied and we obtain a mean-variance-
preserving spread in terms of the underlying state distributions. By the now familiar
arguments, this induces a mean-preserving spread in the distributions of receiver
actions.

In closing, we note that we have picked the most focal point of comparison: the
loglinear (Laplace) distribution which separates logconcave from logconvex distribu-
tions. We can pick any other distribution as a point of reference, for example the
Gauss distribution: distributions that are logconcave relative to the Gauss distribu-
tion are called strongly logconcave (Wellner (2013)). In a similar vein, we can consider
the distributions that precede or are higher than the Gauss distribution in the convex
transform order. Our insights carry over to these comparisons.

All of our results indicate that communication tends to perform poorly in envi-

ronments with heavier tails compared to environments with thinner tails.

22From Shaked and Shanthikumar (2007) Theorem 3.A.54, it is known that relative logconcavity
plus the densities crossing twice implies the uniform variability order. In contrast, we show that the
uniform variability order arises from relative logconcavity plus the distributions having the same
variance.
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7 Conclusions

In this paper, we study the impact of risk through comparative statics of distribu-
tions on the performance of communication. In particular, we are interested in the
likelihood of extreme events which is tied to the likelihood of extreme disagreement
in our model. We compare the payoffs under communication with those under sim-
ple delegation. We first look at an increase of risk through linear transformations
of the state random variable. This amounts to changes in variance. We find that
an increase of the variance scales the payoffs under communication as well as under
delegation down. As a consequence, this can never imply a change of the optimal
decision protocol.

We then consider an increase of risk through convex transformations of the state
random variable. The convex transform order ranks equilibria in the quantile space.
In combination with a scaled version of the monotone likelihood ratio order, we rank
the payoff gains from communication for distributions with bounded supports. In
combination with the uniform conditional variability order, we rank the payoff gains
from communication for distributions with any support, assuming adaptation costs
of some size for the receiver. We find that increasing risk in terms of convex trans-
formations decreases the gains under communication. These transformations do not
impact the delegation payoff, hence delegation relative to communication becomes
more often optimal.

We confirm our finding that an increase in risk is detrimental for communication
when comparing distributions with thin tails with distributions with heavier tails.
When extreme events become more likely, communication payoffs suffer.

Catastrophes in this paper correspond to extremely low payoffs arising from inade-
quate decisions. Such catastrophes are human made and stem from large disagreement
in situations in which there is a good chance of an extreme state to realize. There are
other situations. Suppose a catastrophe is commonly anticipated, such as a hurricane
is about to hit. Arguably, such a situation can perfectly align the interests. While
this is a relevant scenario, we focus on human made catastrophes in this paper leaving

other cases to future work.
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A Appendix

Definition A.1 The forward equation is recursively defined as solutions t;y1(t;—1,t;)
to the indifference conditions of types t;. We denote an arbitrary initial value of 14

by 7. In particular, for i =1 we have t5(0,7) as solution to
2r —aE[O©]|0 € [0,7]] —adE[O|© € [1,t2(0,7)]] =0, (5)
fori > 1 we have t;11(t;_1,t;) as solutions to
2t; —aE[O]O € [tiy, 1] — aR[O] O € [t;, tia(ti, 1i)]] = 0. (6)

Lemma A.1 (Szalay (2012)) (Strict) Logconcavity of the distribution implies that

0

at-_lE [@| GRS [ti—lati]] + QE [(")l GRS [ti—17ti]] < (<)1

ot;

Lemma A.2 Consider the forward equation. Logconcavity of the distribution and

a < 1 wmplies that for alli=1,...,n—1

dy  (2— 0E[O]© € [t t]) — aFE[6]6 € [t tin]]) _
dtl N (I%E [@‘ (NS [tz, ti+1]] ‘

Proof of Lemma A.2. Consider the forward equation for ¢,. The value t5 (0, 7) is
the unique solution to (5). Totally differentiating (5) we find
dt, (2—aZE[6]|© €[0,7]] —aZE[O|O € [r,15]])

2 > 1,
dr aaitz]E (0] © € [r,t]]

where the inequality follows from Lemma A.1:

0 0 0
2 — CLEE [6|e c[0,7]] > 1> CLEE (O] O € [1,t:]] + aa_th (6] O € [r,t,]].

Next, consider arbitrary ¢ = 1,...,n — 1. The sender’s solution to the forward
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equation for ¢; is given by (6). Totally differentiating (6) yields

0 0 0 dt;—q
(2 — aa—tZE [@| O c [tifl,ti]] — CLa—tzE [@‘ O c [tz, tiJrl]] — CLKE [@| O c [tiflati]] dtz ) dtz

0
= aat I]E [C"‘)| C"‘) € [tz, t7;+1]] dti_|_1.
it
Suppose as an inductive hypothesis that d%l > 1, so dgtj < 1. Rearranging, we get

dt;

dtizn (2 — aa%]E (O] O € [ti—1,ti]] — CLO%E (O] © € [t tiy1]] — G%E [0]© € [t;i_1,t]] dti,1>

dt; G%E [@l O c [ti, tprl]]

> 1,

which obtains by the inductive hypothesis and Lemma A.1:

0 0 dt;_4
2 — aa—tZE [@| @ - [ti—lati]] — a@ti_lE [@l @ - [ti—17ti]] d—tl
0
> 2 — aa—tZE [@| CR& [ti—lati]] — a@ti_lE [@l 0c [ti—17ti]]

> 1> aa%E[@| SRS [ti,t“_l“ +a

atmE (O] O € [t tisa]] -

Proof of Proposition 1. The following proof generalizes the proof of Proposition
1 in Deimen and Szalay (2019), which uses the functional form of the Laplace distri-
bution. Instead of using any functional form, we here work with the general class of
logconcave densities.

The proof of the proposition consists of three lemmas. Lemma A.3 proves unique-
ness of finite equilibria that do exist. Note that we do not assume symmetry of
equilibria here but take an arbitrary number of steps N. By symmetry of payoffs and
the density, the model has symmetric equilibria. Together this implies that all finite
equilibria must be symmetric around 0. Lemma A.4 then proves existence of sym-
metric equilibria for arbitrary N. Lemma A.5 proves existence of a limit equilibrium.

a
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Lemma A.3 For any finite number N, if there exists an equilibrium with N distinct

actions, then the equilibrium is unique.

Proof of Lemma A.3. Fix N. By Lemma A.2, di;tfl > 1.

Fix an initial value t; = 7 and take t5 (1) ,...,ty (7) as determined by the forward
equations up to and including ¢y (7). Consider the difference
2tn (1) —aB[0]0 € [tn_1 (7) ,tn (T)]] —aE[0]0 > txn (T)].

By Lemma A.2 this difference is a strictly monotonic function of 7 as

(2 — aEi [0| 0 € [tN—latN” - aiE [0| 0 Z tN]) dtN

Oty Oty
0 dtn_
—a E[0]0 € [ty_1,tn]] ——dty > 0.
Otn_1 In
Therefore, there is at most one value of 7, say 7%, such that the vector (t{v e ,t%)

with IV := 7% and ¢V := ¢, (7%) solves the system of indifference conditions. Hence,

the equilibrium is unique. O

Lemma A.4 For any n, there exists an equilibrium inducing N = 2 (n+ 1) actions
and there exists an equilibrium inducing N = (2n + 1) actions. For any N, the first

equilibrium threshold t7 is decreasing in n.

Proof of Lemma A.4. We, here, focus on the equilibria with an even number
of induced actions. All the results extend to the equilibria with an odd number of
induced actions.

Consider the truncated distribution, where the truncation is at zero and to the
positive side. By symmetry, indifference for type zero is trivially satisfied. We con-
struct an equilibrium as follows. We first consider the forward solution for arbitrary
t; = 7 and show that for any n, the forward equation is guaranteed to have solutions
up to ¢, as long as 7 < 7", for some well defined bound 7" = 7(n). Moreover, we show
that 771 < 77, We then consider an equilibrium of the communication game with

n positive thresholds, which have to satisfy the forward equations and the closure

35



condition:

20 (7) — B (8]0 € [tu-1(7),ta(7)]] — aE [0]0 € [ta(7), S]] = 0 )

for 7 = t7. In particular, we show that there exists a unique initial value 7 =

7+ = 7 such that the forward solutions #,(t%) < ... < t,(t7) < S exist and
that ¢ | = t,_1(t7),t = t,(¢}) satisfy the closure condition, and hence we have an
equilibrium.

If the forward equation for t, (7) exists, then it is the unique value of ¢y that
satisfies equation (5). The limit as to — 7 of the left side of equation (5) is strictly

positive as 27 — aE [0] 0 € [0, 7]] — aT > 0. Moreover, the left side is decreasing in ts.

In the limit as t, — S, the left side is
21 —aE[0|0 € [0,7]] —aE[0]0 > T].

It is well known that by logconcavity, E [0|6 € [0, 7]] and E[0]6 > 7] increase with 7
each at rate smaller than or equal to one. Hence, there exists a finite solution t; (7)

if and only if 7 < 72, where 72 is defined as the unique value of 7 that solves
21 —aR [0]0 € [0,7°]] — aE [0]6 > 7°] = 0. (8)

Note that, for 7 — 0 we have t5 (1) — 0, and ¢, (7) — 7 is increasing in 7.
Consider next the forward solution for ¢3 (7). If it exists, it is the value of ¢3 that

solves equation (6) for i =3
2ty (1) — aE[0]0 € [1,t2 (7)]] — aE[0] 0 € [t2 (), 13]] = 0. (9)
For t3 — t5 (7), the left side of (9) takes value
2ty (1) — aE[0] 6 € [1,t5 (T)]] — ats (T) > 0.

Moreover, the left side of (9) is decreasing in t5. Hence, there exists a finite solution
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if and only if
2ty (1) — aE[0]0 € [T,t2 (1)]] —aE[0] 0 > t5(7)] < O.

Differentiating the left side of (9) totally, we obtain

((2 _ %%E 1010 € [r. 1 (7)]] — aa%E 1616 > t, (T)]> % - aa%E 1016 € [r 1, (r)]]) dr.

As j—; < 1 by Lemma A.2, the expression is increasing in 7. Hence, there exists

a unique value 73 such that a finite solution ¢3 (7) exists for 7 < 73. The value 73

satisfies

2t (7°) —aE [0 0 € [7°, 65 (7°)]] — aE [6]6 > t5 (7%)] = 0. (10)

At 73, the forward equation for t5 (73), equation (5), implies that
27° —aE [0]0 € [0,7°]] = aE [6]6 € [7%, 1, (7°)]] -
Substituting back into (10) gives
2ty (7%) —aE [0]0 > 15 (7°)] = 27° — aE [6]60 € [0,7%]] .
Subtracting aE[6] 6 > 73] from each side, we get
27°—aE [0 6 € [0,7%]]—aE [0]0 > 7°] = 2t, (7°)—aE [0]0 > t5 (7°) | —aE [0] 6 > 7°] .

Since

2ty (73) —alE [0\ 0>ty (7'3)] =al [9| 0 € [737t2 (TB)H ’

by (10), the right side takes value

aE [0]6 € [7°15 (7%)]] — aE [6]6 > 7°] <0,
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and hence

27° —aE [0 0 € [0,7°]] — aE [6]6 > 7°] < 0.

Now recall equation (8): 272 — aE[0|0 € [0,7%]] — aE[0]6 > 7% = 0. Since 27 —
aE[0]0 € [0,7]] —aE [0| 6 > 7] is increasing in 7 by logconcavity, we have shown that
< 72

Totally differentiating (9) gives

dty 2= aZE[010 € [1,t(7)]] — a2 E[0]0 € [t2(7) 1] — o ZE[0]0 € [r,1a ()] 2
dtg N G%E [0| 0 € [tg (T) ,tg]] .

dis

, g > 1 given that % > 1. It follows that t3 (7) — to (7) is increasing in 7.

Hence
Likewise, t3 (1) goes to zero as T — 0.

Suppose that the forward solutions exist up to ¢,_; (1) and all have the above
properties. If the forward solution for ¢, (7) exists, it is defined as the value that

satisfies
tno1 (1) —aE[0]0 € [ty—2(7),tn_1 (7)]] = aE[0|0 € [t,—1 (7),t,]] — tno1 (7). (11)

At t, = t,_1 (7) the right side is negative, while the left side is positive. The right

side is increasing in t,, so there exists a unique finite solution if and only if
2, 1 (1) —aE[0|0 € [ty (T),ty_1(7)]] —aE[0]|0 >t,_1(7)] <O.

Totally differentiating, we note that the difference is increasing in 7 by the fact that

dtnfl
dtn72

> 1. Hence, there is a unique value 7" such that a forward solution t, (7) exists

for any 7 < 7", where 7" is defined by the condition

%y (1) — aB [0]0 € [tus (77) s tucr (7] — aE[0]0 > toy ()] = 0.
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We now argue that 7@ < 7771, Consider

2t_o (7’”_1) —alE [0| 0 e [tn_g (7’”_1) A (T”_l)ﬂ —alE [9| 0> t, 9 (7’”_1)] =0.
(12)

At 7", the forward equation for ¢,_; (7) implies
2o (") —aB[0]0 € [tn—s(T") ,tna (T")]] = aE[0]0 € [to—o (T"), tn_1 (7")]] .
Hence, at 7",

2o (") —aE[0]0 € [to—s ("), th—o (T")]] — aE[0]0 > t,—o (T")]
= aE[0|0 € [ty ("), tpor (T7)]] —aE[0]0 > t,—o (T")]

< 0.

Since the left side of (12) is increasing in 7, it follows that 7"~! > 7" is necessary to
restore equality with zero.

Consider now the closure condition. Take 7 < 7". A sequence of thresholds
T,to (T),...,t, (1) forms an equilibrium if and only if the thresholds ¢, ; (7) and

tn (1) satisfy the closure condition (7). Define the left side of (7) as
A, (1) =2t, (1) —aE[0|0 € [ty (T),tn (T)]] —aE[0]0 > t, (T)]. (13)

By the now familiar argument, A, (7) is strictly increasing in 7, so there is a unique
value 7 = 1) = t7, that solves the equation. We note that the value of {7 is exactly
77+ the value such that the next forward solution just goes out of the support. This
implies that all forward solutions are well defined. It follows that for any n, we can
construct an equilibrium. Moreover, in any such equilibrium, the value of the first

threshold ¢} is a decreasing function of n. a
Lemma A.5 There exists an infinite equilibrium.

Proof of Lemma A.5. We prove the result in four claims.
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Claim 0) The last equilibrium threshold t" is bounded above for all n and
lim,, o T < 00.

Proof: The statement is trivial for S < co. We know from Lemma A.4 that
the value of the first threshold ¢} is a monotone decreasing function of n. Since
the sequence is bounded by zero it must converge. Likewise, ¢! is bounded above:
consider the closure condition, A, (7) = 0, for 7 = ¢} and A,, defined in (13). We

have

A, (t7) =2t —aE [0]0 € [tr_,,t7]] —aE[6] 6 > 7]
> 2(t, —ak[0]6 > t]),
which follows from —aE [0]60 € [t"_,,t"]] > —aE[0]6 > ¢7]. For a logconcave dis-
tribution, ¢ — aE [0| 0 > t] is negative for ¢ = 0, increasing in ¢, and goes to oo for
t — oo. Therefore, lim,,_, t]. < oo and the sequence ¢] is bounded above. a

Claim 1) The equilibrium features increasing intervals,
tig, —ti >t =t Vnand Vi <n.
Proof: Consider the equilibrium indifference condition for ¢,
t1 —aE[0]0 € [0,t1]] = aE[0]0 € [tq,t5]] — t1.

Logconcave densities are unimodal. By symmetry, the mode is at 0 and hence the
density truncated at zero is non-increasing. This implies that for an interval of given
length A,

E[0|6 € [t1,t1 + \]] <ty +g.

Consider t; = A and to = 2\. Then, A—aE [0| 6 € [0, \]] > A—a3 and aE [6] 6 € [\, 2)\]]—
A< a%)\—)\, where the inequalities are strict if the density is strictly decreasing. Since

A— a% > a%)\ — A, t must increase to satisfy the equilibrium condition.

40



Likewise, consider
tz‘ —alE [Q| 0 e [ti—la tz]] = alE [‘9' 0 e [ti7ti+1“ — tz

and suppose t; — ;1 = A = t;11 — t;. Then a-E[0]0 € [t; — A\, t;]] < a(t;—3) and
a-E[0)6 € [t;,t;+A] < a(t;+35) (with strict inequalities for a strictly decreasing
density) imply that ¢; —aE[0]0 € [t;—1,8]] > t; —a (t; — 3) and aE [0] 6 € [t;, ti41]] —
ti<a (ti + %) —t;. Since t; —a (ti — %) > q (t,» + %) —t; for all t;, we must again have
that t;11 —t; > t; —t;_1 = X to restore equilibrium. O

Claim 2) The sequence (t}), is monotone decreasing, while the sequence (1)),

n

15 monotone increasing. Moreover, equilibrium thresholds are nested,
+1 +1 +1 +1
0T <Y < <t <ty <t vn. (14)

Proof: Recall the notation ¢7 = 77! and #}™' = 772 from Lemma A.4. Since

by Lemma A.4 the solution of the forward equation is monotonically increasing in

the initial condition, 7, we have that t?“ <t for ¢ = 1,...,n. Hence, it remains to
prove that 7 < ¢! fori=1,... n.

We start with two preliminary observations. First, the “next” solution of the
forward equation, tf,, (7) fori =1,...,k—1, and k = n,n+1 is monotonic in ¥ (1),
and the length of the previous interval, t¥ (1) — ¥ , (7). To see this, note that the

forward equations for ¢5, t5, and ¢ |, for i =3,...,k — 1 and k = n,n + 1 satisfy:
T—aE (0|6 €[0,7]] =aE [6|6 € [t5,7]] — T,

th (1) — aE [9| RS [r,t’g (7')“ = alE [(9| 0 c [tg (1) ,tg“ —th (1),

and

tr(r)—aE [6]6 € [t; (1)t (1)]] = aE [6]6 € [t} (1), ti,]] —t5 (7).
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Let % | (1) = tF (1) — X\ and substitute into the forward equation for ¢¥,; :
th(r) —aE [0]6 € [t (1) — A\t (1)]] = aE [0]0 € [tF (1), th,]] —tF (7).

Monotonicity follows from the fact that t¥ (7) decreases the value of the right-hand
side by logconcavity of the density and increases the value of the left-hand side again
by that property. Moreover, an increase in A increases the left-hand side further,
implying that ¢f,, (7) has to increase to restore the equality.

Second, it is impossible that ¢'1] < 7 and ¢'T] — "1 < 7 — " . If these

conditions would hold, then one of the closure conditions,

0=2tn —aE [0]0 € [th_,,t"]] —aE[0]0 > t]]
and

0= 2611 — aE [0]6 € [t 241]] — B [0]0 > 6211

would necessarily be violated. To see this, take d;,d2 > 0 and suppose that t;”ﬁ =

tn— 8y, th =t =\, and /7] — "+ = X\ — §,. Now consider the closure conditions
0=2t" —aR[0)0 € [t} — N\ t!']] — aE[0] 0 > t!]
and
0=2(t"—6) —aE[0]0 € [th — 5 — (A= 0dq),t" —61]] —aE[0]0 > 17 — §,].

By logconcavity, §; > 0 reduces the right-hand side of the second condition. Moreover,
d2 > 0 increases the lower bound ¢ — d; — A + 03, so decreases the right-hand side
further. Hence, one of the closure conditions must necessarily be violated.

We now show that t?j:ll > 17 for all j < n. Suppose for contradiction that the
property is violated for the first time at j = [. Suppose t?ill >t forallj=1,...,1-1

i tn-i—l

and < 17" Taken together, these inequalities immediately imply that ¢, —t}”l <

t' —t;' ;. In turn, the monotonicity property of the next forward solution implies that

42



n+1 n
by <1y

It also follows then that ¢ — /4! < ¢, — 7. To see this, suppose instead that

Gy — i > — 7 or equivalently that ¢ > ¢, + (¢ — ¢') . However, this

is impossible since both ¢ < ¢, and t}7}" < ¢;". Hence, the claim follows.

fgn+1 n+1 n+1 n+1
However, if ¢}y < {7, and t;"5; — ¢}/ <1y, —t, then £} < 1}, and so forth.

Hence, we would have ¢} < 7 and ¢Jf] — ¢! < ¢» —¢7 | for all j > [ and in
particular for j = n, leading to a violation of one of the closure conditions.

The same argument can be given for an Odd equilibrium. This is omitted. O

Claim 3) The limit of the sequences of thresholds and actions is an equilibrium.

Proof: Existence follows from monotonicity in Claim 2). The limit is an equilib-
rium if the equilibrium indifference conditions are satisfied and they satisfy the order
limy, o0 apy < limy, oo 87 < limy, oo ap’y,. The indifference conditions are satisfied
by construction, so what remains to show is the order. For the first inequality, since
a < 1 it suffices to show that equilibrium thresholds remain ordered in the limit,
lim, oot < lim, oo t7: For all finite n, thresholds are ordered in equilibrium,
t? <t ,, since they are ordered for any forward equation. By Claim 2) equilibrium
thresholds converge. Denote the limits by ¢2° = lim,,_, t" for all <. By convergence,
for any ¢ there is N such that for all n > N: £ > ¢°—5 and ¢}, | < {77, +5. Suppose
for contradiction that £5° > 77, + ¢ for some § > 0; this implies

A e e Ll Tt BT/

for all € < 9.

For the second inequality, we have that for all finite n the forward equations
imply that ¢} < api,,. As before, we denote the limits by by ° = lim,_, t}
and p° = lim,,_,o, pf for all 7. By convergence, for any e there is N such that for

all n > N: & > t° — 5 and apiy, < apgy, +

5 Suppose for contradiction that

N

t5° > aps?, implying that t5° > apgy, + 6 for some d > 0. This implies

ti 21 _5>aﬂi+1+5_§zaﬂi+1__+5__>a/~%’+1a

2 2
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for all ¢ < 0. Hence thresholds remain ordered in the limit and the limit is an

equilibrium. O O

Proof of Lemma 1. SinceE[p"] =E[f] = 0and E [1"0] = EE [p"©| O € [6;,0,11]] =
E [(u™)?] = var(u™), we have

Euif" (yr,©,a) = ~E[(ap" - a0)’] = —@’E[(1")* — 26 + ©7]

= a* (var(u") —o?).

We now show that var(u™) = ¢(a,n)o?, for some function ¢(a,n) that is independent
of o2.

Consider a typical equilibrium indifference condition
tz‘ —alE [@| NS [ti—l’ti]] = alE [@l GRS [ti,t“_l]] - tz

A change of variables to z = g, and thus dz = %dé’, results in

T Okt (g—z) o o 7 2k (22) dz

ti—1 Zi—1

E[O]© € [ti1,t]] = Pr (O € [ti1,t;]) " Pr (Z € [zi1,2))

=oR[Z]0 € [2_1, 2],

with z; = % Hence, the indifference condition can be written as
Zi — alE [Z‘ 7 € [Zifl, Zl]] =akE [Z’ Z € [Z,L', Zi+1“ — Zi,

which is independent of the variance. As a consequence, the standardized equilibrium
thresholds z; are independent of the variance.

2

It follows that var(u") is linear in o2, var(u™) = ¢(n,a)c?, where £(n,a) is inde-

pendent of o2. O
Proof of Lemma 2.
Eul (y5,0,a) = E [ (6 —a®)?] = — (1 —a)® o*.
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Proof of Proposition 2.  The proof proceeds in three steps. In Step a), we
compare a partition in the quantile space under distribution f to the same partition
in the quantile space under distribution g. We start with @ = 1 and then extend the
comparison to 0 < a < 1. In Step b), we consider a (partial) quantile partition which
features a combination of f and g. In Step c), we combine Steps a) and b) and use an
iterative procedure to derive an equilibrium partition out of the (partial) partition.
This allows us to rank the equilibrium quantiles under f and g.

Step a) Let h = f,,g, and H = F,,G,. As in Jewitt (1989) by a change of

variables, the conditional expectation can be rewritten as

tita s 1
Hiy = E[O]O € (f1. 1)) = /QH(tHh)(é)H(ti)dQ: /u + il—%dz
with u;y1 = H (t;41) and w; = H (t;) .

Define Qp(w;, uir1) = H(piyy) = H (E[OIH " (u;) < O < H™H(uir1))).

Claim. The convex transform order implies an order of the quantiles of the
conditional expectations: If GZ'F,(0) is conver, then Qp, (ui uiv1) < Qa., (Ui, wir1)
for all wi,wivq, vy <uipq,t=1,...,n—1.

Proof. Assume G1'F,(f) is convex. Jensen’s inequality implies

e ([ O sy )

Us4-1 1 Uj41 1
< GI'F F ' (2)———dz = Gl (z)————dz.

w; Uiyl — Uy w; Uir1 — Uy

Monotonicity of GG, implies that

F /u+ Fil()——dz) <G /u+ G (e)———d
e —dz .
i ui + Ujp1 — Uj °) = wi + Uity — Uy
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This is equivalent to
Fo(E[OF (w) <O < FiM(uis)]) < G4 (E [O1GTH (w) <0 <G (uiga)]) -

Thus, Qr, (4, uit1) < Qa, (Wi, Uitr). O

Recall that the equilibrium thresholds satisty ¢ —a - i = a - pi, —t, for i =

a

1,...,n. This can be written as ¢} = § - (uf + p,,). For now, take a = 1.

Applying Jensen’s inequality twice, we obtain

(1 Fi(2) L Fr(:) )
G+ﬂ(2/ FL(F; <>>fawﬁwH»d+2Li.mwrwﬂn—mua%md>

1 wi 1 1 Uit 1
< -G7'F Fl(z)——d —GT'F / F i (z)——d
= 57+ +(/w_1 + (Z>ui—ui,1 Z>+2 + '+ y + (Z)ui+1_ui z

1 [ _ 1 1 [ _ 1

S 5 s G+1F+F+1(Z)u_—?md2 + 5 y G+1F+F+1(Z)md2
Y e d Re S

n 5 w; ( >U — Uij—1 “t 5 w; ( Ui+1 Uu .

Ps [ mror oy [ R e
= z)—dz + = z)—dz
“\2 i1 " Ui — Ui—1 2 Ju " Uit1 — Us

G 1/%@-1() ! d+1/umG‘l() L
+ 2 i1 * Zui—uz-,l : 2 w; + Zuiﬂ—ui “)

Uj Uj41
Define the functions v (u;) = % L [ F'(2)de+ —— [ F{'(2) dz)
1 i

IN

2\ ui—ui—1 Uj1—Uq

Ui—Uj—1 u+1 u;
Uj—1

U1
and z (u;) := 3 fG z)dz + fG d).

Then the inequality can be written as

() v (u;)) for all u; € [u;—1,u;
ca(ﬂwy@m)2F4<1»f 1l s € g, ]
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Applying the inverse of G~ and dividing by v (u;), this is equivalent to

G Fy (v (u))

v (ui) — v (u;)

for all w; € [u;_1, uiy1] - (15)

We next want to introduce a € (0,1). We aim at showing that

G4+ <aZ <uz)v (ul)> > F, (av (u;)) for all a € (0,1) and all u; € [u;—1, uiy1] -

Applying the inverse of G™! and dividing by av (u;), this is equivalent to

I\

() | GI'F (o (w)

v(u;) — av (u;)

This is equivalent to (15) for a = 1. Moreover, note that the convex transform order
implies the star order (see Shaked and Shanthikumar (2007), p. 214): G;'F, (6)

—1
convex implies that G+++(9)

increases in 6.

To apply this order to our condition, note that av (u) increases in a and ranges
from 0 to v (u;) for a € [0,1]. Hence, setting a < 1 reduces the value of the right side
of the inequality, and since the inequality holds for a = 1, it continues to hold for
a<1.

Step b) Recall that in the quantile space, the equilibrium condition ¢} = §- (' +
pi,) can be written as

Ui p Uit1,h
uip = Hy of L / H'(2)dz + _ H'(2)dz | |,

2\ wip — Uin Uip1,h — Ui p
Ui—1,h Ui 1

for h=f,gand H = F,(G.
Fix the equilibrium thresholds w;_; y and u;4; f, and consider w; = w;4; as the

following function that combines F' and G

Uj Uiy, f
a 1 1
G - — Gt dz + ——M— / G (2)dz
2| w— iy / v (2)dz Wig1,f — Uj + ()
Ui—1,f u;

47



By Jensen’s inequality, we have

| Uit1,f
G+ - / G dZ + — / G dz
2 —uz 1f Uit 1,f — Uy
Ui—1,f i
u; Uj41, f
> g |2 L /Fl()d+ ! /Fl()d
= z)dz + ———— z)dz
= 2w —uw Lf * Uig1,f — U i ’
Ui—1,f Ug

for all w; € [w;i—1 ¢, uiy1,¢]. Thus the same inequality holds in particular at u; ;. The

-1
fact that <+ QF ©) s increasing in ¢ implies that

U; Wit1,f
a 1 1
Gyl =z | —— Gl (2)dz + ——— Gl (2)d
2 Wi — Wi—1,f / N =) Z+Ui+1,f—uz - (=) dz
Wi—1,f Ui
Uj Uit1,f
> g |l L /F—l()d P /F—l()d (16)
| — z2)dz + —— z)dz
o 2wy " U1, f — Ui * ’
Wi—1,f g

for all u; € [Uifl’f, uiJrl’f] .
Since condition (16) holds for any arbitrary (quantile) threshold wu;, it holds for

alli=1,....n

Step c) Denote the equilibrium quantile partition under f, ulp,i=1,...,n,as

i Uity
a 1 1
u,=F | = | — / F'(2)de + — / F'(2)dz
o 2\ uip Uiy Uis1p ~ Uiy
Ui1,f if

for all i = 1,...,n. By convention, ug , = 0 and uy,, , = 1.

By Steps a) and b), we therefore have
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Let t; 47 := G (uff) . Then

a
tigr < = (Hio1g (ticrgrs Ligr) + tig (Lig, tisrgr)) - (17)

\)

It follows from this inequality, that for any fixed ¢;_; ¢ and ¢;1; 4¢, the value of
ti = t; g5 is too low to be part of an equilibrium.

Given this observation, we consider the following iterative procedure: For any
fixed t;_1 4f, we denote the “partial equilibrium thresholds” under g by tfg) for all
7 > 1, where the distribution is adjusted from f to ¢ on the entire support, the
equilibrium thresholds above ¢;_; ;¢ are adjusted to g, t; = tg-fg) for 7 > i, but the
equilibrium thresholds below ¢, 1 ;5 and not adjusted, t; =t 45 for j <.

At iteration step one, keep all thresholds t; = t; ;5 for i = 1,...,n — 1 fixed and
let ¢,, adjust to t,({f)g = q({k; (th-1,4f) - At tﬁjj)g, the sender is indifferent under g between
pooling upwards or downwards given that the receiver best replies with respect to g.

At iteration step [, keep all thresholds t; = ¢; ;5 for i« = 1,...,n — [ fixed, adjust
threshold ¢,,_;11 to make the sender indifferent at tsﬂle’g = t;ﬁlH’g (tn—tg7), and

keep the sender indifferent at all thresholds tg:k; for j > n — [ + 2. Note that all tfg)

depend recursively on the initial value ¢,_; s and on their respective predecessors

(%) (%)
tn—l-l—l,g’ P 7tj—1,g'

At iteration step one, we observe that by (17), for ¢, =t, 4,

tn - a/lmg (tn—l,gfa tn) S aﬂn+17g (tn7 Sg) - tn

By logconcavity of the density, p,, 4 , (tn,gg) and f,, , (tn—1,47,ts) €ach increase in t,

less than one for one. Hence, there exists a unique tg:i, >t g such that

ts{i; ~ Uhng (t”_lvgf’ tgk,)g) = aﬂnﬂ,g(tnf)mgg) - tv(z*,;' (18)

Consider an arbitrary iteration step [ < n. Suppose that all thresholds tfg) for j =
[+ 1,...,n have been adjusted ‘weakly upwards.’

Since increasing thresholds increases the right side of (17) , the inequality continues
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to hold. It remains to be shown that there is a unique ¢, = t( ) such that

(a’ul—&—l,g(tl’tl(j-)l,g) - tl) — (i = apyy (tir g 1)) = 0. (19)

Differentiating the left side of (19) with respect to ¢;, we get

(*)
0 0 () 0 W T
“2tagrtng (res t) 0t (ot ) + ot ol fiing) =g,

t?ié

By logconcavity,

dt™)

i~ < 1 holds by induction: Totally differentiating (18) with respect to tng and

tn—1,4f, we find that

< 1 implies that this expression is negative. We show that

(*)
dts:; atn Lgf ot Mn g <tn—1,gf7 tn,g)

dtn—l,gf 2 — aat( ) ung (tnfl,g]% tg:;) — a_at?*) :un+1,g <t£:277§9>
n,g

where the inequality is due to logconcavity of the density.

Next, suppose that l“ < 1. Totally differentiating (19) we get

* 2 ()
dtl(,g) . aatz_l,gf ,ul,g(tlfl,gfatl’g)

dti—1,45 9 (+) 9 (+) (%) () 400 a,
2 - aatgj‘; ty,g(ti-1,g7, tl,g) - a@ﬂlﬂ,g(t@ st g) aa i /M+1 ol 97 z+1,g) dt(’;g

<1

Y

dt™)
by logconcavity of the density and the assumption that l“ < 1. This concludes the
argument.

Switching back to quantiles, we have demonstrated

tzg = tl 9f — Gjrl (u?,f) )

and hence
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Proof of Proposition 3. Note that the monotone likelihood ratio property is

preserved under truncation to an arbitrary interval [t;_1,%;],

b A

8F+(t (—):G+(ti)—G (t;i— )gf () 4

9 ; r .
et P ) — By (ti) 909.06)

The monotone likelihood ratio condition implies that for the equilibrium partition

under distribution g, &7,

|: ’@ E z lg7 1g]]+E |:®f‘®f€ zg?t?+lg}i|
[@ |@ € [z 1,97 zg}}—i_Eg [®9|@9€ [zg?t?+1g]]’ (20)
where €7, = S, and tg, = 0. It follows from the equilibrium conditions for ¢’

i=1,...,n and (20) that

Gy —apy ¢ (trqg0t0,) < Qhlyyy (82, i) —th, foralli=1,... n. (21)

We now show that for all i, condition (20) implies that under distribution f the
equilibrium critical types under distribution f are strictly higher and strictly better
for the sender than the equilibrium critical types under distribution g.

Take the iterative procedure from Part (i) ¢) with slightly adjusted notation: for

any fixed 7'

i1 4, denote the ‘partial equilibrium thresholds’ under f by ti*; forall j > 1,

where the distribution is adjusted from g to f on the entire support, the equilibrium

thresholds above t7 , g

thresholds below ¢} ; g

At iteration step one, keep all thresholds ¢; =t} fori=1,...,n —1 fixed at the
) At ti*}, the sender

are adjusted to f t; = t ) for j > i, but the equilibrium

are not adjusted, t; =t for Jj <.

equilibrium values under g, and adjust ¢,, to £ ; t( A (tg 1g

is indifferent under f between pooling upwards or downwards given that the receiver

best replies with respect to f to the truncation above ¢ At iteration step [, keep

n—1,g°
all thresholds t; = ¢}, for ¢ = 1,...,n — [ fixed, adjust threshold ¢, ;4; to make the

o1



(*) _ 4+ n
—l+1,f tn l+1f(n lg
thresholds t for j > n —1+ 2. Note that all t( depend recursively on the initial
()
gt
By inequality (20), and the equilibrium condition ¢}, , —apuy, , = ap;y , —t, ,, We

know that for ¢, =t} |

sender mdlfferent at t ) and keep the sender indifferent at all

value t7 and on their respective predecessors t( )

n—l,g

ty, — ap, (tszg, tn) < afl, <tn,3f> — 1.

By logconcavity of the density, u,, ., 7 (tn, EA) and p,, 5 (tz_1 o tn) each increase in t,,

less than one for one. Hence, there exists a unique t( ) > t,, , such that

10— ap, (g ) = ap (18,8 5) =10, (22)

)

Consider an arbitrary iteration step [ < n. Suppose that all thresholds t for ] =
l+1,...,n have been adjusted ‘upwards.” Again, increasing the thresholds reinforce

inequality (21). It remains to be shown that there is a unique t; = tg*f) such that

(aulﬂf(tl, AR t,) - (t, —apy ; (81, tl)) = 0. (23)

Differentiating the left side of (23) with respect to t;, we get

(%)
0 . 0 () 8 (%) b g
_2 + aa_tl/ll’f (tl—l,g’ tl) + aza_tlﬂil+17f(tl, tl+1,f) + at ,U/l+1 f(tl; tl+1 f) dtl .
I+1,f
G

z+1 f

By logconcavity, < 1 implies that this expression is negative. We show that
(%)

ld;tll’f < 1 holds by induction: Totally differentiating (22) with respect to t;*} and

tn_1 4> we find that
() ) (m (*))
dtnf B U <tnfl,g7tn,f .

B a_, . ) (1 <) T
e 2 AT g (tir0t}) — Yot o (5:55)
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where the inequality is due to logconcavity of the density.
e

Next, suppose that —&= f < 1. Totally differentiating (23) we get

(%) (%)
dtlf _ aatn H f(tl Lo 4 f)
aty '™
—Lg g9, (47 (%) (%) 4() _ o) (%) (%) Ty,
2 a/atl(*f) Ml,f(tlfl,g’ tl,f) t( )Ml-i-l f(tl f’tl-f—l f) t< ) /"Ll+1 f(tl f’tl-i-l f) t( )

IN
—

e
by logconcavity of the density and the assumption that —= f < 1. This concludes

the argument.

Thus, we have t” >t for i =1,...,n. By the monotone likelihood ratio condi-
tion, we have p(¢” Lt )—,u ' > i, = p,g(z 1> Zg) fori=1,...,n+ 1, where

n —
tn+1,f n+1,g S

By Lemma 1, thresholds and receiver actions are linear in scale, so ¢! P=

pipfori=1,...,n+1. a

J— Sgtn

forizl,...,nandy?fzg—"’

Proof of Corollary 2. Let Y;, and Y,, denote random variables with probability

distributions

Pr (Y, <z)= Felting) for 2 € [y pny (6l )
’ F+(i,f) for z e [ﬂf (ti—l,fati,f)ath)a

and likewise

Pr(Y,, <z)= Gy (ti1y) for 2 € [ty gy (H14:t0))
Gy ( i,g) for z € ['ug ( i 197t?9) ’t?g)
for i« = 1,...,n + 1, where by convention &5, = = 0and t3,, = S, and

bos1.f = S;. The functions are right continuous and make upward jumps at the
induced means over the given intervals; the size of each upward jump corresponds
to the probability mass over the interval. Both the mean and the probability mass

depend on the distributions, f, and g,, respectively. By the proof of Proposition
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2, Gy (t?’g) > F. (th) for all 7. It is easy to see by a change of variables that
Fy (i) = F+(t2f). By the proof of Proposition 3 14( 1'71,f’t2f) > i, (87 . t7,) for
all 4. Thus, the i jumping point under f is further away from zero than the 7

jumping point under g. It follows that
Pr (Yg+ < z) > Pr (Yf+ < z) for all z > 0.

By symmetry, we obtain a mean preserving spread over the entire support, proving

the statement. O

Proof of Proposition 4. To prove the proposition, we need to show that quantiles
and receiver induced actions are more risky in the sense of a mean-variance-preserving
spread under distribution F' than under distribution G. Recall from the proof of
Proposition 2 that CTO+ implies that the quantiles satisfy F, (tﬁf) <G, (tzg) for
all 7. Thus, to prove the proposition, it suffices to order the receiver’s induced actions
as well.

As Figure 3 and the uniform conditional variability order UCV+ reveal, the local
stochastic order depends on the location of the equilibrium thresholds considered.
By symmetry, we focus on the positive half of the support only. For intervals below
(above) the mode m, the truncated distributions under f, dominate (are dominated
by) the truncated distributions under g, in the likelihood ratio order. To have some
control over which order applies to which partition intervals — for example, to the
first n intervals — it is helpful to establish monotonicity of equilibria in the alignment

parameter a:

Lemma A.6 For any symmetric logconcave density and for any n, the equilibrium

critical types t}' (a) and induced means u? (a) are strictly increasing in a for all i.

The result is a corollary of the proof of Proposition 3.

The proof of Proposition 4, is completed through the following sequence of lemmas.

Lemma A.7 (Metzger and Riischendorf (1991))

Fy(z)

Let 229 be unimodal with interior mode m. The function
9+(9) Gy (z)

inherits unimodality
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with mode my > m, the function ((i:g:(é)))) inherits unimodality with mode my < m.

Moreover, there exists a unique & such that Fy (0) < G4 (0) for 6 € (0,z), F.(2) =
G+ (2), and Fy (0) > G4 (0) for 0 € (2,00).

Proof. Metzger and Riischendorf (1991) Section 2. O

S, o)
For the following lemma, since [ (1 — Hy (0))d0 = [ (1 — Hy (0))d0 as H,(0) =

xX xX
1 for > S}, we unify notation and write f:o for infinite as well as for finite supports,

0,S].

Lemma A.8 (i) Let m denote the mode of the function f+_€o§ Conditional on 0 €

[0,m), the distributions f, and g satisfy the monotone likelihood ratio property.

Ja=Fy(0))do _
(11) The function ————— is unimodal in x € [0,Sy] with mode m' € (0,my);
T-G ()

for0 <z < (<)m/, we have E[O©; > 2] > (>)E[0,0, > z].

Proof of Lemma A.8. (i) Follows from the proof of Lemma 5.
(1=F4 (6))d6

J
(ii) We first show that £&————— is unimodal with mode m’. We then show that
J
the mode m' is interior.

Straightforward differentiation gives

o JO—Fo(0)d)  —(1=Fy (@) [ (1= G (0)db+(1-Ga(w)) [ (1- Fe(0))db

ox

(1—G. (6))do (Tu — G, (0)) d0)2

T

The sign of the derivative is positive if and only if

(1= Fofa)) [ (1= G @) o < (1= G (o)) [ (1= Py )0,

Note that by an integration by parts for any = € [0,S,), we have that for h, €
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{f+ 9+} and Hy € {Fy, G}

E[@|@2:v]=$1_H—+($):I+I 1—H, ()

Ja-ri@)as _ .
Hence, £ Z 0if and only if E[O;|0; > 2] Z E[©y]| 64 > 7].

O TG =
Since a mode is an extremum, it is either at the boundary or satisfies the first
order condition E [0 O > 2*] = E[O,]| O, > z*|. We next prove that there is at
most one such value x* = m/.
By Lemma A.7, the function % is unimodal with mode my. Thus for x > ma
the function is decreasing, equivalent to the conditional distribution of ©, conditional
on ©, > x under distribution G first order stochastically dominating the conditional

distribution of ©; conditional on ©; > x under Fy: for x > myo,

1—Fi(z) 1-F,(9) o Fi.(0) — Fi(2) G+(9)—G+(I)'

>
1=-Gi(z)  1-G(0) 1—Fi(x) 1-Gi(x)
J (=4 (8))do
By implication, for z > mg we have E [Of| Oy > 2| < E[O,]| 0, > 2| and %
J(1-G(0))do
is strictly decreasing.
For z* < my, recall that by the first order condition we have
~= P @) [ -Gy (1= G @) [ (1= Fr@)as =0,
Differentiating a second time and evaluating at z*, we get
£ o) [ = Gr@) 8- o) [ (1= P (0)) dt
1—Fy (2) 7 ]O
)= | (1 =G4 (0))do — * 1—-F,(0)dd=0
< @) =gy | 07 OB 5@ [ (1= Fe@)a =0
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where the equality follows from the first order condition. For the inequality note that

the function % is increasing if and only if the hazard rates of the distributions

satisfy
f+ (@) g9+ (%)

[-F (o)~ (1-Gy (@)

thus for £ < my. The second derivative being negative implies that any stationary

point must be a maximum, hence there is at most one such point m/'.

J =Py (8))do
Finally, we prove that the mode m’ of &————— must be interior. For contra-
J(1=G(0))do

diction suppose that m’ is at the boundary. From the first part of the proof, m’ < ma,
so that m’ cannot be at the upper end of the support. Thus suppose that m’ = 0, so

J =y (0))d0 _
that g;— < 0 for all x € [0,Sy].
J(1=G4(8))d

The variance of the distribution over the whole support (positive and negative)

can by symmetry (h, = 2h) and by integrating by parts twice be written as

/ 702h+ 9:279(1—H+ (9))d9:277(1—H+ (0)) dbdz,

with h € {f, g}, h+ € {f+,g+}, and H+ c {F+7 G+}

We can further rewrite and integrate by parts to obtain

00 00 ooTl_F+ o
2 1-F,(0)dode = 2 | = (1 - G4 (0))dodz
o/z/ o/f (1-G+(0))do /
T (L= Fy(0)do o ox T TU-F )
= —2Z // 1— G, (0))dfdx +2/§; //(k@(@))d@dmz
J (-G (0)do b T IA-GL)dos
z 0 z
JU—F(0)do o [(L=Fy(8)do o o
= 22 //(1—G+(9))d9da¢+2/§; // 1— G, (0))dfdzdz
{(1—G+(9))d00 @ o fa ) d6

=2 [ [ (1 — H (0))dfdz, we have
0z

>0

Substituting for p,, = [ (1 — H (0))df and o
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that

df oo oo

o2 — “f+ 2_2/(9 //1—(;+ ) dfdadz.
Z [(1—G,(0)de

We have that m’ = 0 implies Zf—+ < 1. Moreover, by assumption crfc = 03.
g9+

the left side is non-negative. However, the right side is strictly negative due to our

, Ja=Fe@)i _
< 0 for all z € [0,Sy]. O
J (-G (9))d8

z

Hence

contradictory hypothesis that 2

0z

To complete the proof, we note that Lemma A.8 implies that (20) in the proof
of Proposition 3 applies for a sufficiently low. This in turn implies that for a fixed
sender partition (t;-fg), the receiver’s induced actions are higher under f, than under
g+. Hence, by the proof of Proposition 3, the equilibrium under f, needs to feature

higher receiver equilibrium induced actions:

Lemma A.9 For any two symmetric, logconcave densities f,qg with the same vari-
ance and with truncated densities fy, g, that satisfy UCV+, there exists a unique a’
such that

E [0 0 >t (a)] = E[O4|0, >t (da)]. Moreover, for a < da', all n + 1 re-
cewer equilibrium actions under distribution fy are strictly higher than under g, ,

a- iy (tﬁ_u,tzf) > a- (tr 190 Zg) for all i.

Proof of Lemma A.9. By Lemma A.8, the tail-truncated expectation functions,

E[Of©f > z] and E[O,| O, > x|, cross exactly once in the interior of the positive
J (- F.(0))do
half of the support. The intersection is at x = m/, the mode of the ratio %
J (-G (9))d8
Hence, E [0 0, > thg (a)] > E[0,0, > g (a)] if and only if g (ax) < m'. By
Lemma A.6, ¢} (a) is strictly increasing in a, so by continuity there is a unique a’
such that ¢},  (a') = m’ and moreover, t,  (a) <m' for a < d'.
By Lemma A.8, the distributions below ¢ = (a) satisfy that f, (¢) /g (0) increas-
ing in 0 for all & < m if ¢, (a) < m. By Lemma A.8, m' < my. By Lemma A.7,
my < m. Hence, a < o’ implies that fy (0) /gy (¢) is increasing for all & < 7 (a).

Since the monotone likelihood ratio property is preserved under multiplication of a
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constant, the truncated distribution below ¢},  (a) satisfies the monotone likelihood

o f+(0) 9+(9)
90 Py (tp (@) Gy (tn 4(a))

ratio property, > (0. More generally, the conditional distri-

butions truncated to any interval [t (a),t7, (a)) satisfy %F X ))f+1(w€)(tn : ))/
’ ’ +\Y%,g a))—L+ i—1,9 a
04 (6) _ - ool
G (@) =C (61 a(@) >0 fori=1,...,n. Asis well known, the monotone likelihood

ratio property implies the standard stochastic order (FOSD), which in turn implies
that inequality (20) is satisfied for all i = 1,. .., n if we keep the partition at the equi-
librium partition under g, (¢7,). Therefore, we can apply the proof of Proposition 3
to conclude that both the equilibrium critical types and the receiver’s induced actions
are increased so that p, (7, ;(a) 7, (a)) > p2 (t7,(a), 87, (a)) for i = 1,....n

for a < d'.

Proof of Proposition 5.  The proof of the second part regarding linear tail-
truncated expectations is given in Deimen and Szalay (2019). The proof of the first
part extends that proof to convex tail-truncated expectations. Before proving the
result by induction, we make some preliminary observations on the conditional prob-
abilities and the tail-truncated expectation function.

For k = 2,...,n, define pj_; as the probability that 6 € [ty_o,t;_1] conditional on

0 2 tk‘—Qa
Py (te1) — Fy (tr2)
1= Fy (tg-2)

Pk-1 =

11y (te—1)

Accordingly, 1 — pr—1 = 1= Folin ) is the probability that 6 > t;_;, conditional on

6 > ti_. Note that

(F4 (tr—1) = Fy (ti—2)) oy = /9f+(9)d9— /9f+(9)d@—/9f+(9)d9

= (1= Fy (te2)) E[0]6 > tro] — (1 = FY (t5-1)) B[00 > 1]

Hence

Pr—1fl_q = E[0]0 > tp_o] — (1 — pr_1) E[0]0 > t_4].
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Solving for p;_1, we can write the probabilities as

E[0]0 > ti—1] —E[0|0 > ty_s]
E[0]0 > tp1] — pt—y

A

Pk—1 =

and
E[0]60 > ty_o] — pt_q

TE[0]0> tia] — ey

1 —prp—1

Observe that (1 — px_2)-Pr_1 is the probability of the event 6 € [ty_o, tx_1] conditional
on 0 > t;_3, and (1 —pr_2) - (1 — pPr_1) is the probability of the event 6 > t;_;
conditional on 6 > t;_3. To see this, note that 1 — py_o = Pr[0 > t5_o|0 > tp_3] =

1-Fy (tp_o) L P (tg1)—Fy (th_o)
#(t;:j) and recall that p,_; = —=& 1k711w+(t,::2)k 22

Define, for all t > 0

)= EO20-EW1020)_o0)=60)
Define p1, := ¢(0) = E[#| 0 > 0]. Note that ¢(t) = E[6]6 > t] can always be written

as the pseudo linear interpolation
E00>t=p, +t-at).

In the case of a linear tail-truncated expectation, «(t) is a constant. In the convex
case, we show that «(t) is increasing in ¢:
For t = 0, we take the limit and define
E[6]0 >t —pu 0

— T + _ 2
0 (0) = lim === = B[]0 2 4],

Likewise, by I’'Hopital’s rule,

E[0]0 > t] -
lim 2101621 ”+:mn%Ewwzﬂ.

t—o00 t t—o00
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Moreover,
IR (010> 1]t — (E[6]6> 1] — )

_ % (%]E 6]0 > t]t— a(t)) .

By the fundamental theorem of calculus

CE00>1)—p,  Jy ZE[0]0 > 2]dz
al(t) = . = ; :

By the intermediate value theorem for integrals, there is some value t* € (0, 1)

such that -
YE[6]60 > z|d
t 0z _—
Hence,
, 1/0 0
= — [ — > - > >
o (t) " aZIE[9| 0 > 2] » aZIE[0| 0 > 2] )7 0,

where the inequality follows from t* € (0,¢) and from convexity of E[#]6 > t] in t.

Thus, a(t) is increasing in ¢ and hence minimal at « (0) =: a.

Recall the alignment parameter a € (0,1). Define
c:=a-a.

Assume that ¢ € (0,2). Note that for all distributions with logconcave densities this
is not a constraint. In this case, a < «a(t) < 1 for all ¢, since logconcave densities
have a decreasing mean residual life (see Bagnoli and Bergstrom (2005), Theorem 3

and Lemma 2).

Let X} (t}j,_l) be equal to ¢? times the expected squared deviation of the truncated

o n
means from p, conditional on 6 > ¢,

Xp(tny) = P (e — epy)* + (1= ) X7y (1),
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Induction hypothesis.

~

Xi (i) = 5 (Gny +énp) (e — ef)

Cc

+2 (CE [0]0 > t;_,] — epy) <2Té (ks + 1) = é:“Jr) -

Induction base. Note that X! (%) = (éu",, — éu+)2. Substituting for the

probability p!! and multiplying and dividing by ¢ for convenience, we can write

Xp () = B (et — o)+ (U= 30 (et — i)
_ éﬂﬁﬂ—éE[@l@EtZ_l] Aom A 2

)

LCE[016 28] —em

~ n — An
CILL'IZ—"-l Clun

Gy = ény)”

Expanding the numerators of the probabilities by £¢pu, , reorganizing according

to common factors, and simplifying, we can write

X3 (th1) = AL+ By,

with
no_Clngr Z O om o N2 G T O 2
8 lppyy — oy (G = &)™+ eur ., — Cun (Crmsr — épey)
= (Cpnyr — epy) (Cny — cup)
and

::ép+ —cE[0]6 >t _,] (e — o, ) + CE[6]0>1tr_\] —ép,
Oty — Cpl no Cip gy — Cpl

= (CE [610 > 1] = &) (G + Gaifia) — 26) -

B,

(é,UZ—H - éM+)2

We can simplify the terms A} and B, using the indifference condition of the
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marginal type ¢} (multiplied by o), ¢y + ¢un,y = 2aty and the linear interpolation

of the tail-truncated expectation, a,, := a(t)) = “Z*tl—,;“*, so that

n
at, = «a :

R[S

Substituting the latter condition into the former one, we obtain

Ty, + 24y n

Substituting back into A7, we have

Sty 20, ) o
A = <C2_—%C+ - Cu+> (Cpy —cpy)
and hence o
o€ . n
A, = 9 :a—”é (C:un + C/L-l-) (C[L_,_ Clun)

Likewise, substituting into B, we have

Qacpn 4 2
B = (cE[0)6>1t_,] —cu,) ((%‘ + C%> _ QéM) 7

e
and hence
n ~ n A é#z + éﬂ+ A
Bn =2 (CE [9| 0 Z tn—1j| — C,l,b+) ((2_—%> — C[,L_,’_> .
o

Summing up, we obtain

ang
Xo (o) = e @+ ) (e — o)
(o7

+2(CE (010 > 17 ] — ) (2 —ag () — ém) -

3

Note that for = = 1 (which holds for linear tail-truncated expectations) this is
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already the expression we are aiming for. For convex tail-truncated expectations, we
) We show that the terms depending on =

now derive a lower bound for X ( ")
are increasing in this fraction, and then note that the fraction is larger than 1.

Simplifying, we get
xXr() = (2@1@ (616 > ] — 2, + %c (en, — cuZ)) (%f—a_‘f/?))
—2(cE[0]0 >tr || —épy) cu,.
; n N e
= (2CE (016>t ] - %Ccﬂn) <( 7 %ng))

—2(cE[0]0 >tr || —épny) ep, —
— (QéE [9| 0 > tZ—l} __n n) (M)

—2(CE[010 >tr_\| —épy) — épy (Cup + épy) -

The terms that depend on €2 are proportional to

(22 (0160 > 1] — 22euy)
2— ¢ ‘
Differentiating with respect to <=, we get
(—Cpm) (2 - %C) +é (2153 [016 >tn_,] — “aj"@uﬁ) ¢(2E [016 > t2_]) — 2¢un
- P) 2 O)
(-%¢)

)

since E [0]6 > ¢7_,] > pr'. Hence, the overall expression is increasing in 2.

=g~}

By convexity and the definition of o, we have %* > 1 and hence

Xy (tﬁfl) 2 9 i E (éuﬁ + élhr) (é,u+ - éﬂﬁ)
F2EE 0102 ) — ) (5 (b))
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with a strict inequality if <= > 1.

Induction step.

Define the right side of the induction hypothesis as

~

X5 (tZ—l) 9 (élu+ + éIUZ) (é,qu - é/LZ)

—¢
+2(CE[0]0 >t 4] —cpy) (ﬁ (s + 1) = ém) :

By definition
XPy (8 5) = Poor (e — ény)® + (1= pemd) X7 (14)
Since X} (t7_,) > X} (tr_,) , we have
Xi (() = Do Gy = éng)” + (1= proy) X3 (52) =2 Xfy (1) -
Substituting for the probability ;1 and for X} (¢ ), we obtain

CE[0]0>tr | —cE[0]0 >ty
CE[0]0 >ty ] —cup,

E[6]0 > tys) - i, ( 2 (e, + enap) (bn — o) )

)?l?—l (t2—2) = (é:“Z—l - é/“r)z

CE[010>t7 ] — ey \ 42 (R[0]0 > tiy) — ep,) (55 (1 + 1) — ép1,)

Expanding the numerators of the probabilities by f¢u, and reorganizing accord-

ing to common factors, we can write
vn n _ n n
Xizy (thee) = Aj_y + By,

with

clE [9| 0> tﬁfl] — Cpiy 2 Chy — Cpi_y

LTR[04 ] g, (i =)+ 7 1016 >t ] — ey

~ A~

. (2 i 5 G+ apnp) (e — ) +2 (B [0]0 > 1] — ény) (QL_C (s + 43 — 5ﬂ+>)
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and

Cpy — B[00 >t ]
cE [9| 0> tZ—l] — Cly_y

cl [9| 0> tZ,Q] — Cpiy
+ - -
cE[0]0 > tp_,] —énp_,

By, = (epf_y — épy)?

~

. <_2 S (e o+ enp) (om — ) +2 (G [00 > 61,] — ) (QL_C (1, +17) — @m)) ,

The indifference condition of type t}_, cup = 2oty _; — cpy_,, allows us to substitute

for ¢uy. Hence,

cE [‘9‘ 0> tZ—J — Cpy
CE [6]6 > t7_\] —eup_,

n Cliy — Clp_4
CE[0]6 >t ] —epy

Ap = (éMZ—l - éﬂ+)2

' <2 i é (éﬂ—i— + 2Qt271 - 5#271) (é,u+ - (2@24 - 5#271))

+2 (¢E[60]0 > ty_1] — cuy) < (ep+ 2aty—1 — epf_y) — é,u+>> :

2—-c¢

CE[0]0>t7 )| —cpy
CE[0]0>t7_, |—éepp_

Collecting terms with the common factor (épp_, — ¢p,) and simpli-

fying, we get

Ar  — Cliy — Clip_4
LR L0160 > 1] - en

(2 S (e = ) (e + ey

2—-¢

+ (—4 (Qt2—1)2 + 4oty Cpg_y

s N—— >

o n A A n ~ 4 n A
+ (CE [0]0 > t7_,] — cuy) ( (epp_y +épy) + T (atp_, — c,ukl))) .

Collecting terms with common factors, the fraction simplifies to one, and we have

Cly — Clg C o R o
ST s =) ()
Cliy — Cll_4
S U

~

(CE[010 = 6] = ény) 5— (emioy + n)

-3 i 2 (é,qu - éﬂZ—l) (é/hr + éﬂZ—l) :
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Thus, we obtain

N

Apy = B i 2 (élhr - é:U’Z—l) (ép+ + éﬂZ—l)

oy — ey 2% (4 (et )" +dati s )
B[00 =t ] =iy \ + (R [0)0>1 ] —ény) G5 (ath 4 —éup )

Similarly, we can derive

¢

Biy = 2(CE[60]6 >t} 5] —ény) < (hy + 131) — élhr)

2—-¢

CE (010> 17 ] — éu, 25 (4 (at)” + daty e, )

Cc

CE[010 =t ] —amiy \ 4 (B [0)0>1t ] —én,) Gatr , — s2eur )

2—¢=

We aim at showing that the second lines in Ay and By respectively are both positive.
We then obtain a lower bound on )A(,?_l by discarding them.

Note that

ey — ey CE[0]0 > tr ] —ép,
cE [9| 0> tZ—l] —Cppy  CE [9| 0> tZ—l] — Clp_4
K [9‘ 0> tz—ﬂ — Clp_y
¢cE [9| 0> t’z;LJ - @uztl'

Since E [0]0 > 17 ] > E[0]0 >t ,] > E[0]0€ [t7 ,,t7,]] = pp_,, both the
denominator and the numerator are positive.

By the definitions of «, «a, and by convexity,
CE[0]0 > 15 4] = éuy = ca (i) thy > caty .
Moreover, since a < 1 and ¢} | > up_4,

aty_ —Cup_ =a (tZ—l - aﬂZ—1) > 0.
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Taken together, we get

~ n A 4 n 4 n
(CE[0]6 >t} ] —éu,) <2T6th—1 - Q—_écﬂk_1>

A am 4 n 4 A
R AUET Sl

and therefore
‘ (_4 (O‘tz 1)2 +daty 1) + (éE [9|9 >t 1} —Cp ) iat? 1~ 5 Clh—1
2 — ¢ =k = R = \2—¢e g R

¢

Vv

(—4 (atp_))* + 4oty euf )—I—éat” L S
P (6275 Al 1 CHE_q e g 41752 Hi—1

2
= 0.

Note that all inequalities involving « are strict for the case in which a (f7_;) > «.

This implies that the second lines in A} and B}’ are indeed positive. Hence, we have

v

Xpo () = Xpo(6)

c

v

—Z (é/h- - éﬂZ—l) (éu+ + éﬂZ—l)

¢

+2 (CE[0]0 > t;_,] — ¢uy) <2 — (e + 1) = é,u+> :

This concludes the induction step.

It follows that

&
9 _

X7 (6) = = (e + en,) (epy — cu)

>

By definition, X7 (t§) = E [(éu? — é,u+)2] . Canceling ¢, we get

aa

E [(u? - ,u+)2] > 5 o (13 — (D)%)

with strict inequality if E [0|0 > ¢] is strictly convex in ¢. Decentering again and



noting that by the law of iterated expectations E [u?m} =FE [(,qu)Q}, we can write

(1 = ()?) + 12

Recall that ¢(0) = p, and a = ¢'(0). Thus, for limit n — oo, we have pf' — 0

and
2
o) _ [ %0)2] > aa 2 2 _ 2 40)2
’UCLT(ILL ) |:(/’I”L ) i| — 2 _ga:u+ +/’L+ 2_¢/<0)a¢( )
O
Proof of Lemma 3. Straightforward integration gives for any [¢,{] C [O, —g},
_ t 1 (t—t
E[0lo e [t,7] = 2 t (24)
1-— gg 5
- (i)
For the special case of t = —sand i€ [O — ] we get
1 s+t
E[@|®2§]:E[@|@20]—|—1T-§:1_(5. (25)

Hence, the generalized Pareto distribution features linear tail-truncated expectations.
Therefore, we can apply the value characterization of Deimen and Szalay (2019),
which derives the expected utility of a limit equilibrium given in (3) as an upper
bound on the expected utilities of finite equilibria. The variance of u” in a Even

equilibrium is given by

2_ 2 13 (uh)?.
=

The variance of p™ in an Odd equilibrium is given by

aul au? 2 =
wier= (-peo e [S5)]) (2t )
1 1

Deimen and Szalay (2019) shows that a limit equilibrium exists for the special case of
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0 = 0. Here, we extend the proof of existence of a limit equilibrium in Proposition 1 to
the class of all logconcave densities, which includes the generalized Pareto distribution

with § € [-1,0]. O

Proof of Proposition 6. One can show that our limit equilibrium yields a higher
payoff than any finite equilibrium in the communication game. Compare the receiver’s

expected utility in a limit equilibrium under communication

2— = 1 -
Fug (a,uoo,@,a) — g2 (UGT(MOO) _0.2) — g2 (2_ goﬂ _0-2> = —a2022_af25

to the receiver’s expected utility under delegation Eug (©,0,a) = — (1 — a)® 02, The

receiver prefers delegation over communication if

—(1-a)’0?>-d?*—— & >

Lemma A.10 Assuming symmetry and logconcavity, the distributions in the gener-

alized Pareto class satisfy CTO+, MLRP+, and UCV+.

Proof of Lemma A.10. Take two members of the generalized Pareto family
with parameters s,0 and s',d" respectively, such that s’ < s, 0> § > 6 > —1, and

—2 < —%. Thus, let

1 7%71 1 ! —%—1
f+:—<1+é9) and g+:—(1+6—,0) :
s s s

Consider CTO+:
As shown in the proof of Lemma A.11, with G, :=1 -G, and F, :=1— F,, we
can equivalently check convexity of ajrlFJr (0):

We have G () = (1 + 3—19)7% and F(0) = (1 + %9)_% . Thus 611 (u) = (u*‘sl — 1)
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and
— 1= s \% o

Differentiating twice, we get

0= (5 (5 1) (50 ) () 2

where the inequality follows from noting that § < ¢’ < 0 implies that 0 < %/ < 1.
Consider MLRP+:
Let s be such that § = g—j. Then

-1 1_

fo 8 (120 g 5 NTs
= E —— == 1+ -6 .
Tieze) T TN 7

Differentiating, we note that

~ 1 1
of, s6(1 1 § \v ot
Ol 50 (2 ) (142 )
96g. ss\5 )\ T3 :
where the inequality follows from § < §" < 0.

Consider UCV+:

Note that g—i is increasing (decreasing) if ;—i > (<) Z—i. Noting that

L (146 L (1420)77 -
fo_Z(49a0+, :—(1+5)1(1+§9)
[+ %(14_@ S s

and

we observe that
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if and only if
1 5\ 1 & N
—(1 -1+ - —1+d)=(14+— : 26
(+5)S(+89> > (+5)S,(+S,9) (26)

At 0 = 0, inequality (26) is satisfied since s’ < s and 0’ > § imply (1+46") & >
(1+4)1.
For 0 < 6 < —3%, inequality (26) is equivalent to

(1+5’)§(1+§0>>(1+5)§<1+i—:6). (27)

The left side of (27) decreases in § at rate (1+¢') 22, while the right side decreases
at rate (14 6) %g—j Now § < ¢ implies that (1+46') 22 < (14 0) %‘;—:, so the left side
of (27) decreases faster.

Finally, at 0 = —%, the left side of (27) is zero, while the right side is positive, so
the inequality is reversed.

It follows that there exists a unique interior mode. O

Proof of Lemma 4. Since the Gauss distribution features a convex tail-truncated
expectation (see Sampford (1953)), the minimal slope for the tail-truncated expecta-

tion is obtained at 6 = 0.

5 B f(t)
E[6]© =1 = (E[@!@Zt]_t>1——m

_ol0),

5-
ﬁ-

t=0
Moreover, for the Gauss distribution, we have

g(t)

BIOIO 2 ]l = 0(0) = 7

= VT

Substituting in (3) for ¢(0) and the minimal slope, we obtain the result,

S

var (™) =

2—a

Ao
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Lemma A.11 Denote the Gauss distribution by F' and the Laplace distribution by
G,

i) then F' and G satisfy CTO+.

ii) then F and G feature a unimodal likelihood ratio g—:

i11) then F induces a higher value of communication than G for a < 0.858.

Proof of Lemma A.11. i) Note that the supports of G and F' are both equal to R.
Let G4 := 1—G, and F, := 1— F, denote the survival functions of the distributions
F, and G;. The survival functions are easier to work with. We first show that these
functions contain the same information.

Claim. [t holds that G7'F, () is convez in 0 if and only if@;17+ (0) is convex
in 0.

Proof. First, we show that for all 6,
GI'F (0) =G, F, (0). (28)
Applying G, to both sides yields
G GI'FL(0) =1-F, (0)=F, (9).

Differentiating both sides of (28) with respect to 6, we verify that

9 A _ RO — £ (0) P
89G+ F+ (9> g, (G_T_IF_,_ (9)) g, (@;17_’_ (0)> 69G+ F+ (Q) .
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Moreover, the second derivatives are the same too:
2 F1(0) gs (GT'Fy (0)) — g, (GF'Fy (6)) — (L=
0 — G 1F+ 0) = 9+ (GL'F(9))
09* B _ 2
” (9 (G5'F2 )
! ——1- 1— 9
11094 (T2 0)) — o, (GUF4 (0) L

g+ (L F4(0))
(- (@ T )

where the first and third equalities follow from straightforward differentiation, and

the second equality follows from (28). O
For the Laplace distribution, we have G(#), = e~ %% and @;1(2) = —%In(z).
Then
0 e O o o d  fi(9)
—G, Fi(0)=—|-—h(1-F.00) )= —F=—""""

and we have convexity for any distribution F, with an increasing hazard rate. Recall
that any logconcave density has an increasing hazard rate. Since the Gauss distribu-
tion is logconcave, the statement follows.

ii) Let g, be the Laplace and f, be the Gauss ‘half’-densities. Then

_ 0% V2 92
f+(0) _ \/217“76 2 _ e< 0 5)
9+ (0) ‘?e‘ge 2ym
and we observe that £ +E0§ is increasing for low levels of 6 and decreasing for high levels

of 6.
iii) Comparing the values of communicating under the Gauss and Laplace distri-
butions, we find that the Gauss distribution induces a higher value of communication

than the Laplace:

4
— 1
a? (2 _WG%UQ - 02> > a? (2 — aaQ - 02) : (29)



which holds for a < 0.858. g

Proof of Proposition 7. For the Laplace distribution, communication is preferred

over delegation if

1
a® <2—a02 —02) > —(1—a)’0? (30)

which holds if and only if @ < 2. Therefore, for a < 2, (30) and (29) form a chain
of inequalities implying that communication is also preferred over delegation for the
Gauss distribution.

If the state follows a Gauss distribution, using the lower bound for communication,

we obtain that communication is preferred over delegation if

4
a2( s 20_2_0_2)2_(1_01)20_2’

which holds for a < 0.702. Hence, for a € (%, 0.702) delegation is strictly optimal if
the state follows a Laplace distribution while communication is strictly optimal if the

state follows a Gauss distribution. O

Proof of Lemma 5. Since the supports are assumed to be R, we have supp(f) C

supp(g). It remains to be shown that the ratio gigzg is unimodal with mode m an

interior maximum.

: . F(0) - : 0 (510 Zg:i(0)
Logconcavity of the ratio o) 18 equivalent to z; ( 0 o (0) ) < 0. That

the difference is falling implies that one of three cases holds: either the difference is
() > 294 (0)

Zf4(0) < 294 (0)

positive for all 6, 0 ) negative for all 6, InG) ORI changes
s s Is}
sign once, i.e., there is some value m such that %];J;(g)n‘;’:m = Wi;(g)rl;’:m and %ﬁe()e S
29+ 0) g0 ¢ [0,m) and a0 59:0) g (m,S]
9+(9) ’ f+(0) 9+(9) P

The first two cases amount to MLRP on the positive half and can be ruled out
by the following argument: Monotonicity of the likelihood ratio for all # > 0 implies
that Fy (#) and G () are ranked in the standard stochastic order (one distribution
first order stochastically dominates the other one, FOSD). By symmetry, this implies
that F'(f) and G () are ordered in the convex order (SOSD). Finally, this implies
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that the distributions must have different variances, contradicting our assumption.

Hence, case three applies, implying that 5—+ is unimodal with unique interior mode

+
m. By concavity the mode is a maximum. O

Proof of Lemma 6. We show that the convex transform order CTO+ is transitive.
Note that
GI'F, (0) =G'"H,H'F, (0).

Since G;'H, (§) and H;'F, (f) are increasing functions, G;'F, () is convex if
G'H, (0) and H_'F, (0) are convex.

Recall that a Laplace distribution is a two-sided exponential distribution. van
Zwet (1964) shows that for H, the exponential distribution, H'F, () is convex
for any distribution F; with an increasing hazard rate. Since logconcavity of the
density implies an increasing hazard rate (Bagnoli and Bergstrom (2005)), H{'F, (6)
is convex. Likewise, by van Zwet (1964), H; ' G, (0) is concave for any distribution G,
with a decreasing hazard rate. Again, logconvexity of the density implies a decreasing
hazard rate (Bagnoli and Bergstrom (2005)).

Hence, we need to show that H;'G, (6) is concave if and only if G7'H, (6) is

convex. We note that H;'G, () is concave if and only if }ﬁ(GH—ﬂ is decreasing in
+\Hy (u

—1
u € [0, 1] while G;'H, (6) is convex if and only if % is increasing in u € [0, 1].
+ G4

Hence, H;'F, (6) is convex if and only if H;'G. (6) is concave. O
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