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ARTICLE INFO ABSTRACT

JEL classification: We perform distributional comparative statics in a cheap talk model of adaptation. Receiver borne
D83 adaptation costs drive a wedge between the objectives of sender and receiver that is increasing
D82

in the magnitude of adaptation. We allow for infinite supports with infinite disagreement at the
extremes and compare communication to unconstrained delegation. We study increases in risk that

Keyw, Orfk" o arise from transformations of the state variable. We find that linear transformations (implying
Strategic communication . . . - . :
Delegation increases in variance) decrease communication and delegation payoffs but do not change their
Organizations ranking. By contrast, increasing, convex transformations (implying increases in tail risk) decrease
Tail risk the communication payoff relative to the delegation payoff. Our finding extends to the comparison
Convex transform order of distributions with thin versus heavy tails.

Uniform conditional variability order

1. Introduction

Catastrophes, in many instances, result from a combination of extreme circumstances and insufficient responses to them. Responses
are often insufficient because of costs that are borne by decision makers. Are there simple ways to mitigate catastrophic outcomes
in a world in which extreme circumstances, and the significant cost of responses to them, are relatively likely? If an expert realizes
that they are in the shadow of a looming catastrophe, can the expert communicate successfully to the decision maker and induce an
action that is sufficient to mitigate the catastrophe?

For an illustration of unusually extreme circumstances combined with insufficient responses, consider the following three examples
with catastrophic outcomes. Experts suggested adjusting drilling procedures prior to the blowout on the Deepwater Horizon in 2010;
BP however decided not to change its procedures against expert advice.! At the time of the Challenger space shuttle explosion in 1986,
engineers warned in vain about potential problems arising from low temperatures.? Officials delayed the evacuation of the Ahr valley
in 2021 despite experts’ warnings of an extreme rise of the water level and subsequent flooding.® The examples feature conditions
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of extraordinarily high pressure, extreme temperature or an exceptionally high rise in the water level, combined with substantial
costs of adaptation in each case. Communication prior to these impending catastrophes did not, evidently, help to avert them; expert
advice was not taken into account sufficiently.

These are examples of organizational failures, for which there are many reasons (see Garicano and Rayo (2016)). We focus on a
class of such organizational failures that stem from a combination of misalignment of incentives (because of adjustment costs) and
tail risk, an increased likelihood of extreme events.* In particular, we investigate three questions: How well does communication
work in environments where the risk of extreme circumstances, and the costs of mitigating them, are high? How do changes in the
environment impact communication? Does an increase in risk impact the decision to delegate the decision rights to an expert?

Formally, this paper studies communication between a scientific expert (sender) and a decision-maker (receiver). The sender
observes the state of the world and sends a cheap talk message (Crawford and Sobel (1982)) to the receiver who then takes an
action. The sender as well as the receiver care about the appropriate action being taken given the state. The receiver, however, faces
additional concerns such as political costs or firm-specific costs of adaptation. Formally, sender and receiver share a common loss
function. In addition to this common loss, the receiver faces a cost of adaptation. The expected optimal action requires no adaptation,
so there is agreement. The costs drive a wedge between the objectives of the decision-maker and the expert; this wedge is increasing
in the magnitude of adaptation. As we allow for an infinite support of the state, there is infinite disagreement at extreme states.

Our main focus is on the impact of the distributional environment on communication, in particular, of the relative likelihood
of extreme states and extreme disagreement. We show that equilibrium payoffs decrease as extreme states become more likely. We
provide stochastic orders that allow us to rank distributions with respect to their impact on equilibria and on payoffs. We compare the
communication outcomes to the outcomes under the alternative decision protocol of unconstrained delegation, where the decision-
maker delegates decision-making to the expert. We find that delegation becomes relatively more attractive when extreme conflicts
become relatively more likely, i.e., when the tail risk increases.

To be more precise, we establish existence and essential uniqueness of cheap talk equilibria that induce a given number of receiver
actions up to a countable infinity (Proposition 1). To study the impact of increased risk on communication, we analyze two types
of transformations of the state variable. We first consider linear transformations that scale the state proportionally to the original
state and thus increase the variance, but maintain the shape of the distribution. We show that the effect is a linear spread of the
equilibrium actions, resulting in a reduction of expected utilities proportional to the increase in variance (Lemma 1). Since the payoff
under delegation is also proportional to the variance, such a linear transformation never implies a switch in the optimal decision-
procedure (Corollary 1).

Second, we consider combinations of linear and increasing, convex transformations of the state variable. The linear transformation
scales the distribution and hence controls for the variance.® The increasing, convex transformation changes the shape of the distri-
bution such that the tails of the distribution become heavier, hence increasing the kurtosis. In this case, we say that the distribution
becomes more tail-risky.

Formally, we consider symmetric distributions and assume that the distributions of the absolute values of the states are ordered
in the convex transform order (van Zwet (1964)). This implies that one distribution is more skewed towards large absolute values than
the other. By symmetry, skewness on each side of the prior mean translates into a higher kurtosis of the overall distribution. Building
on Jensen’s inequality, we show that a more convey, tail-risky, environment implies that the equilibrium critical types are higher in
the quantile space (Proposition 2).

For our comparison of receiver equilibrium actions and payoffs, we complement the convex transform order with the uniform
conditional variability order (Whitt (1985)). The order implies a unimodal likelihood ratio: the less variable distribution of absolute
values is stochastically higher for small deviations from the prior mean, while the more variable distribution is stochastically higher
for large deviations from the prior mean. The two orders together imply that the densities of the absolute values cross exactly twice:
in the less tail-risky environment, intermediate adjustments are more often required, whereas in the more tail-risky environment,
very small and very large adjustments are more often required.

For sufficiently high marginal costs of adaptation, all the sender equilibrium critical types are close to the prior mean. In com-
bination with the ordering of the quantiles, we show that the distribution of receiver actions in the less tail-risky environment is a
mean-preserving spread of the corresponding actions in the more tail-risky environment (Proposition 3). Thus, there is more information
transmission in the less tail-risky environment.

Intuitively, the likelihood ratio of the distributions is hump-shaped, so that the less tail-risky distribution features stochastically
higher deviations from the prior mean for small deviations, while the more tail-risky distribution features stochastically higher
deviations from the prior mean for large deviations. Increases in the marginal costs of adaptation move the receiver’s actions closer
to the prior mean. Thus, insufficient responses to outliers are the reason why the more tail-risky distribution induces lower expected
payoffs.

To quantify our comparison and the “sufficiently” high marginal cost of adaptation, we rely on methods similar to those of
dynamic programming. For certain classes of distributions, we derive a lower bound on payoff gains that result from communication
(Proposition 4). We use this bound to link tail risk to the choice between communication and delegation. For the two-sided generalized
Pareto distribution, we characterize the locus of indifference between the two institutions (Proposition 5), and show that in more

4 We borrow the term tail risk from the finance literature. Mandelbrot (1963) initiated the study of return distributions with fatter tails than the Gaussian distribution.
The term is now also used for distributions that have heavier tails than the exponential distribution. Since we use the same stochastic orders whether the distributions
have finite or infinite supports, we use the term “tail risk” throughout.

5 Since scaling is possible for any distribution, it is without loss of generality to consider transformations that keep the variance constant.
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tail-risky environments there is more delegation at the optimum. Comparing the Gaussian distribution to the more tail-risky Laplace
distribution, we confirm that there is more communication in the less tail-risky Gaussian environment (Proposition 6).

Last but not least, we consider environments that feature thin — sub-exponential - tails, versus those that feature heavy — super-
exponential - tails. This comparison entails distributions of the absolute values that are ordered in both the convex transform order
and the uniform conditional variability order. Consequently, our result, that communication payoffs decrease as tail risk increases,
extends to these environments (Proposition 7).

The remainder of the paper is organized as follows. We first revisit the Deepwater Horizon example in more detail. After discussing
the related literature, we present our formal model in Section 2. Equilibria of the communication game are derived in Section 3. This
section also studies the impact of linear transformations on equilibria and payoffs. We use the uniform and triangular distributions to
illustrate our results. In Section 4, we consider increasing, convex transformations of the state variable. We combine stochastic orders
of state distributions to compare equilibria and payoffs for different classes of distributions. In Section 5, we introduce a dynamic
programming method to quantify gains from communication. We apply our findings to the generalized Pareto distribution and the
Gaussian distribution. An extension to a comparison of thin versus heavier tailed distributions is given in Section 6. In Section 7, we
conclude. All proofs are in the appendix.

lustrative example

In the following well-documented example, decision-making based on communication, in an environment with an increased risk of
extreme events, resulted in a catastrophe. We do not claim that our model is an adequate description of the case; we think, however,
that it illustrates some of the fundamental forces at work. The information provided here is based on the report of the National
Comission on the BP Deepwater Horizon oil spill and offshore drilling (2011); on pages viii-ix the report says:

“[...] the oil and gas industry began to move offshore. The industry first moved into shallow water and eventually into deepwater,
where technological advances have opened up vast new reserves of oil and gas in remote areas—in recent decades, much deeper
under the water’s surface and farther offshore than ever before. The Deepwater Horizon was drilling the Macondo well under 5,000
feet of Gulf water, and then over 13,000 feet under the sea floor to the hydrocarbon reservoir below. It is a complex, even dazzling,
enterprise. The remarkable advances that have propelled the move to deepwater drilling merit comparison with exploring outer
space. The Commission is respectful and admiring of the industry’s technological capability.

But drilling in deepwater brings new risks, not yet completely addressed by the reviews of where it is safe to drill, what could go
wrong, and how to respond if something does go awry. The drilling rigs themselves bristle with potentially dangerous machinery.
The deepwater environment is cold, dark, distant, and under high pressures—and the oil and gas reservoirs, when found, exist at
even higher pressures (thousands of pounds per square inch), compounding the risks if a well gets out of control. The Deepwater
Horizon and Macondo well vividly illustrated all of those very real risks. When a failure happens at such depths, regaining control
is a formidable engineering challenge—and the costs of failure, we now know, can be catastrophically high.”

Between 1990 and 2009, the oil production industry in the Gulf of Mexico made drastic moves in their drilling locations, from
shallow to deepwater wells. This change in production — measured by an increase in oil from deepwater wells from 4% to 80% of the
total volume (p.73) — was met by varied conditions for drilling at great depths. We think that an increase in tail risk (that we model
by an increasing, convex transformation of the distribution) captures these changes in the drilling conditions quite well.

The rig Deepwater Horizon was drilling the Macondo well in the Gulf of Mexico, when in 2010 a blowout with catastrophic
consequences occurred. BP, the owner of the drilling rights (the receiver), relied on subcontractors (the sender), to perform the
drilling. BP had budgeted money and time (p.2), which we model as the “status quo” that is optimal if the expected conditions are
realized. Every adaptation away from the planned procedures was costly to BP, with costs increasing in the length of the resulting
delay. Hence BP responded conservatively to proposed changes (p.125). For example, BP decided to continue drilling with unaltered
procedures, despite the fact that experts suggested significant changes (BP relied on 6 instead of 16 centralizers (p.97), changed the
cementing process (p.100), etc.). Our modeling of increasing disagreement, that results in a receiver response with slope less than one,
captures this feature. The state in our model may be seen as the specific drilling conditions, for example the pressure conditions below
the seabed. Pressure can be unexpectedly high or low. One stylized way to capture these ideas is to assume a symmetric distribution
of the state.

The report (p.122) states that “Most, if not all, of the failures at Macondo can be traced back to underlying failures of management
and communication.” Our model indicates that for such a change in the drilling environment, in which extreme realizations become
more likely, delegation to the expert outperforms relying on communication.

Related literature

Ours is a contribution to the literature on adaptation in organizations. Alonso et al. (2008) and Rantakari (2008) investigate
whether decision-authority should reside at the top of a hierarchy or further down at the level of division-management. These papers,
as ours, use the communication model with linear state-dependent bias that was first studied by Melumad and Shibano (1991).
Imperfect profit sharing in their models, and adaptation costs in ours, provide a micro foundation for such linear conflicts. Since
the adaptation costs in our model are increasing in the size of the adjustment, the wedge between the expert’s and the receiver’s
objective is largest at the extremes of the support. This gives a natural connection to catastrophic outcomes in extreme states, and to
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such outcomes becoming more likely if the state distribution features heavier tails. Our analysis can be applied directly to situations
in which the state can a priori only take positive values. Moreover, it can be extended to the Crawford and Sobel (1982) model with
disagreement everywhere. We leave this to future work.

Other recent contributions to the adaptation literature include Rantakari (2013), Dessein et al. (2022), and Liu and Migrow (2022).
Rantakari (2013) allows firms to choose the compensation and the authority structure jointly. He finds that firms that operate in
volatile environments are characterized by decentralized decision making and a compensation with focus on performance at the
division level. Dessein et al. (2022) provide a theoretical model predicting that an environment that is more volatile locally results
in more decentralized decision making only when the need for coordination across sub-units is low. Liu and Migrow (2022) analyze
a model of disclosure with information acquisition. They show that the distribution of an uncertainty parameter has an important
impact on the optimal allocation of decision-rights in their problem.

We bring new tools to this literature which typically focuses on volatility in the sense of an increase in the variance of a uniform
state. Because we study the impact of heavier tails on unbounded supports, instead of the usually assumed compact state space, we
need to build our model from scratch. We prove existence and uniqueness of equilibria, and study the role of risk induced by linear
and increasing, convex transformations. We provide comparative statics in terms of stochastic orders which have not been studied
before in the context of strategic communication.

Related cheap talk models with endogenous conflicts are Deimen and Szalay (2019) and Anti¢ and Persico (2020). Anti¢ and Persico
(2020) consider various ways in which conflicts can arise endogenously, e.g. trading in a stock market prior to communication in a
firm. In Deimen and Szalay (2019) a sender acquires noisy signals about a multidimensional state. Depending on the sender’s choice of
information, conflicts with the receiver arise. That paper shows that communication is better than delegation in a multidimensional
elliptical two-sided generalized Pareto environment with heavy tails. Our analysis here builds on our earlier work and provides
extensions and generalizations in various directions.

The main new perspective that we bring to the comparison of communication and delegation is the impact of arbitrarily large
conflicts. This complements the focus of Dessein (2002), who is the first to study this comparison in the seminal paper of Crawford
and Sobel (1982). He shows that whenever interests are sufficiently aligned such that influential communication is possible, the
receiver prefers to delegate. As the conflict between sender and receiver becomes arbitrarily small, Dessein (2002) shows that payoffs
from unconstrained delegation approach first-best payoffs faster than those arising from strategic communication.® In our setup,
increasing tail risk has such a detrimental impact on communication that delegation becomes relatively better. Compared to the
case of a constant, additive bias, our linear, increasing bias makes it even more surprising that the receiver prefers to delegate when
extreme states and extreme disagreement become more likely.

Chen and Gordon (2015) also perform distributional comparative statics in strategic information transmission. They show that
information transmission is improved when ideal choices are closer (“games are nested”) and a regularity condition is satisfied. As
an application, they compare communication to delegation for a Beta distribution. They state conditions on bias and variance such
that informative communication is feasible and dominates delegation. Key differences between the papers are that we allow for an
agreement point, for unbounded supports, and that we consider increasing, convex transformations.

With few exceptions, the economic theory literature has paid little attention to the shape of distributions. Jewitt (2004) offers
an insightful overview of problems in which shape matters. He provides connections among partial orders that describe shape,
among them van Zwet’s convex transform order. More recently, Di Tillio et al. (2021) show that shapes of distributions, measured
by the convex transform order, have a decisive effect on the amount of information contained in a given number of highest sample
realizations, compared to the same number of randomly selected data. For example, a given number of highest bids in an auction can
contain more or less information than the same number of randomly chosen bids. We study the impact of shape of distributions in
cheap talk games. We find that increasing, convex transformations decrease the gains under communication. These transformations
do not impact the delegation payoff, more often rendering delegation optimal to communication.

2. Model

We consider a game with two players, a sender S and a receiver R. Sender and receiver have preferences that reflect a common
adaptation motive captured by quadratic payoffs that depend on an action y € R, and on the realization 6 of the state of the world
O. For the sender,

ug (n,0)=—(y—0)y>.
1

The receiver faces an additional cost of adaptation ¢ (y) =y - 2, with y > 0 such that u RO, )=—(— 0> —y-y*. Defining a := s
the ideal choice functions of sender and receiver are yg (f) =6 and yg (6) = a - 6, respectively, where a € (0,1) as y > 0. Because

of the additional cost, the receiver adapts more conservatively than the sender. The parameter a measures the alignment of interests,

6 See Dilmé (2022) for approximate characterizations of strategic information transmission equilibria with small biases.



I. Deimen and D. Szalay Journal of Economic Theory 222 (2024) 105916

with higher values corresponding to more alignment.” Since positive affine transformations of utility functions describe the same
preferences, we conveniently merge the receiver’s motives into one loss function and write®

ug (y,0.a)=~=(y—a-0)".
The state of the world ® is a random variable with a common prior distribution F with density f. The support is either the

bounded interval S = [—g, g], or unbounded, S = R. We assume that the density is logconcave, implying a finite variance o2, and

symmetric, that is f(x) = f(—x), together implying a zero mean.’

The sender privately learns the realization of the state, 6. The receiver can choose to communicate with the sender (communication).
In this case, a sender strategy maps states into distributions over messages, Mg : S — AM, and a receiver strategy maps messages
into actions Yy : M — R, where M has the cardinality of the continuum. Strict concavity of payoffs implies that a restriction to
pure receiver strategies is without loss of generality. As a simple alternative, the receiver can choose to delegate decision-making to
the sender (delegation), in which case a sender strategy maps states into actions, Y : S — R.'9 We solve for Bayes Nash equilibria
(“equilibria”) of the game.

3. Equilibria and payoffs
3.1. Equilibria of the communication game

Equilibria in our cheap talk game have the typical partitional structure, as the payoffs satisfy the single crossing condition. A
partitional equilibrium is characterized by a sequence of critical types, t" = (t,’.’), with 77 | <7 and index n, relating to the number of
induced actions. Sender types within an interval, (t;'_ v t,f’), induce the same action; critical types, ¢!, are indifferent between inducing
the action in the interval below or the action in the interval above. As we show in Proposition 1 below, for any finite number of
induced actions equilibria are symmetric in our model. For notational simplicity we, therefore, take 7! > 0 and denote the critical

types below zero by —# for all i and n. Receiving a message that indicates that 0 € [1, 1), the receiver updates her belief by forming
the conditional expectation u(t,7) = E [@l Oelt, f)]. For equilibrium critical types ¢", we define

i

u'=E[0|@€ ! .i!)] fori=1,..,nand u" :=E[6]O21]. &)
Thus, the receiver’s equilibrium action given a message indicating 6 € [tf’ t’.’) isa-p'=arg max , E[ug(y, 0,a)|0 € [tf_l,z:')]. The

i—-170
indifference conditions of critical types that determine partitional equilibria are given by

n n __ n n -
—a-p'=a-u  —t, fori=1,...,n. 2

Symmetric equilibria belong to one of two classes, depending on whether the total number of induced actions is even or odd. In
an Even equilibrium, type 6 =0 must be a critical type and the equilibrium can be characterized setting 7j = 0. In an Odd equilibrium,

a symmetric interval around zero is part of the equilibrium and we omit 7 from the construction.'! For an illustration with n =1,
see Fig. 1. The step function depicts the receiver’s actions.

Proposition 1.

i) For all n, there exist an essentially unique Even equilibrium, that is symmetric and induces 2 (n + 1) actions, and an essentially unique Odd
equilibrium, that is symmetric and induces 2n + 1 actions.

ii) Even and Odd equilibrium thresholds and actions converge pointwise for n — co. We call the limits limit equilibrium.'? In particular, we

have lim, _, 1 =0, lim,_, , ] <lim,_ ! , and lim,_, , 1}/ < co.

Part i) of Proposition 1 proves the existence and uniqueness of partitional equilibria for arbitrary finite n. An analogous charac-
terization of partitional equilibria for the special case of the Laplace distribution is given in Deimen and Szalay (2019). Proposition 1

7 In terms of the literature, the sender’s bias is state dependent and equals (1 — a) - 0.

8 Note that ug(y,0,7) = —é (y—a-0?—(1-a)- 6% withy = % The transformation obviously affects levels of utility, but does not impact choices at any margin.
The ideal choice functions of the two specifications are the same, and, moreover, the specifications feature the same tradeoffs when choosing among institutions of
decision-making.

9 Symmetry is not essential for our analysis. In some applications a one-sided version of the model is more suitable; changes are straightforward and left to the
reader.

10 We focus on simple unmediated one-round cheap talk. Alonso and Rantakari (2022) identify conditions under which this achieves the maximum payoff among
arbitrary mediation rules. We focus on simple unconstrained delegation as this seems natural given our applications. We are, for example, not aware of any restrictions
that experts are committed to when trying to prevent a threatening catastrophe. This rules out more complete contracts that allow, for example, for optimal delegation
(Holmstrom (1977), Alonso and Matouschek (2008)). As a theoretical benchmark, optimal delegation would always outperform communication. The comparison to
constrained optimal forms of delegation, such as interval delegation, is an interesting open question that is left for future research.

11 The construction simplifies notation at the expense of characterizing only equilibria with three or more actions. In addition, there exist a babbling equilibrium
inducing only one action and a binary equilibrium inducing two actions where zero is the threshold and the actions correspond to the means truncated to positive and
negative realizations, respectively.

12 We do not rule out the existence of other infinite equilibria.
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Even: Odd: Vs

Limit: 0

| |
| |
3 UL ¢ 3

Fig. 1. Partitional equilibria for a uniform distribution. Even and Odd equilibria for n =1 and @ = 0.75. In a limit equilibrium, intervals around the prior mean 0 get
arbitrarily small as n — oo.

generalizes the result to all symmetric distributions with a logconcave density. Note that the support can be bounded or unbounded.
Logconcavity of the distribution and alignment a € (0, 1) together imply that the solution of a certain forward difference equation is
monotonic in the initial value, which we use to prove uniqueness.

Part ii) of the proposition proves that the limit as n — oo also is an equilibrium.'® The partition of a limit equilibrium is illustrated
in the bottom panel of Fig. 1. A limit equilibrium has a finite highest critical type, lim,,_, .,/ < oo, even if the support is unbounded.
The reason is that for a distribution with a logconcave density, the mean residual life, E[0 —£)'|0 > 7], is decreasing towards zero as
17 — oo. This insight is new to the literature, which typically assumes a compact state space. Equilibrium critical types and actions
converge pointwise to limit equilibrium critical types and actions. Intuitively, in a limit equilibrium, starting at the highest critical
type, we can calculate the second highest equilibrium action and threshold, proceeding step by step towards zero, which is an
accumulation point.

3.2. Communication gains

We first focus on the gains from communication. Define the random variable u" of conditional expectations on the discrete
support (iﬂ?):’:ll, with y (given in equation (1)) derived from the equilibrium partition (¢). As is standard in cheap talk games
with quadratic losses, the expected equilibrium utility is a function of the (ex ante) expected residual variance after communication,
E[var"], where var" is the random variable of conditional variances, conditional on the equilibrium partition. The expected residual
variance measures the expected uncertainty that is left after communication has taken place. By the law of total variance, the expected

residual variance equals the prior variance minus the variance of the inferred posterior means after communication,

Elvar"] = 62 — var (u"). 3

The variance of the inferred posterior means, var (1"), measures the expected informational gain from communication. Communication
performs better if the expected residual variance is smaller, or equivalently, if the variance of the inferred posterior means is higher.
For our comparative statics analysis, it turns out that the latter object, var (u"), is analytically more convenient to work with.

3.3. Linear transformations

We now begin to investigate the impact of risk on communication equilibria and payoffs. We first study changes in the distribution
of the state that are induced by linear transformations of the random variable, 6 - ¢ - 0. Linear transformations that stretch the state
space make extreme realizations uniformly more likely, and thus increase the variance. Symmetry of the density implies that we

2
can write f (0) = Kél// (Z—z ), where k is a normalizing constant and y is a function that captures the shape of the distribution. So,

13 While the partitional form of equilibria is known from the seminal work of Crawford and Sobel (1982), the structure of the limit equilibrium is closest in spirit
to Alonso et al. (2008) and Rantakari (2008). Gordon (2010) offers the first systematic account of the existence of infinite equilibria. We add to this literature by
highlighting the role of distributions and, in particular, the role of logconcavity for existence and uniqueness. Logconcavity of the density and a receiver response
with a slope less than one — not necessarily constant — provides a micro-foundation for regularity properties that are often imposed in the literature (e.g., condition M
in Crawford and Sobel (1982) or a regular receiver response in Gordon (2010)).
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Case a =0.5: Case a =0.75:
Elug] Elug]
10 o2 10 o2
—00t\ TS 011N
s T B TN EL )]
E[ug"(T)] s
Elug™(T)] E[ude (V)] = E[ute'(T)]
E[u' (U] = E[us! (T)]

Fig. 2. Payoffs are linear functions of the variance 2; communication payoffs (derived in Lemma 2) in a limit equilibrium for uniform ¥~ (black, solid) and triangular
T (blue, dashed) distributions, and delegation payoff (dashed-solid), for a = 0.5 (left panel) and a = 0.75 (right panel). (For interpretation of the colors in the figure(s),
the reader is referred to the web version of this article.)

keeping the shape of the distribution fixed, we can scale the distribution by changing the standard deviation o. As the next lemma
shows, equilibrium strategies are linear in the standard deviation, and utilities are linear in the variance.

Lemma 1. Fix the shape of the distribution y (-).
i) The receiver’s expected utility in any equilibrium of the communication game is a linear function of the variance o

[E[u;‘”" (yR,G, a,n)] =—q? (0’2 - Uar(u")) =—a*(1=¢(a,n,y))c>,

for some function ¢(a, n,y) that is independent of .
ii) The receiver’s expected utility under delegation is [E[udR"’ ( V5.0, a)] =—(1- a)2 o2,

The first statement follows from a change of variables (a linear transformation) to standardized random variables. We use the law
of total variance to write the receiver’s equilibrium expected utility as a function of 62 — var(u") in place of the expected residual
variance (as explained above). We show that the conditional means are linear in the standard deviation, and thus the gain from
communication var(u") is linear in the variance.

The second statement considers unconstrained delegation to the sender, as a simple alternative to communication. Under delega-
tion, there is no loss of information, as the informed sender takes the action yg = 0. Sender and receiver, however, disagree on the
optimal action by (1 — a)f. Note that communication dominates delegation for a < % The reason is that even a babbling equilibrium,
which is the worst for everyone among all equilibria of the communication game, results in a payoff of —a%s2.

Expected utilities, whether arising from communication or from delegation, are linearly decreasing in the variance. A higher
variance thus results in lower expected utilities under both institutions. However, by linearity, a higher variance never results in a
change of the optimal choice of institution in our model, all else equal.

Corollary 1. Fix the shape of the distribution y (-). The choice between delegation and communication in any equilibrium of the communication

game, for any fixed number of induced actions, is independent of the variance ¢>.

This is a direct consequence of ¢ being a scale variable.'* By implication, if one mode of decision-making is better than the
other for some level of variance, then it is better for every level of variance. In other words, when comparing the optimal choice of
institution for two distributions with different shape, it is without loss of generality to scale the distributions such that they have
the same variance. Recall that, by Lemma 1, the delegation payoff is only a function of the variance but not of the shape of the
distribution.

In terms of the oil-production example, one could think of a linear transformation of the state as of a replication of similar activities,
such as adding an on-shore well, where the drilling conditions do not change much. Our result states, that this kind of change in the
production does not require a change of the decision making procedure.

Fig. 2 illustrates Corollary 1. Both panels together show that the precise ranking of the payoffs depends on the shape of the
distribution as well as the alignment of interest, but not on the level of the variance: for a = 0.5, communication is better than
delegation (left panel); for a = 0.75, delegation is better (worse) than communication under a triangular (uniform) distribution (right
panel) for all ¢2. To better understand the payoff difference between the uniform and triangular distributions, we now investigate the
impact of the shape of the distribution on the communication payoff. We will then come back to the comparison to the delegation
payoff.

14 Equivalent observations have been made in the literature in models in which the state follows a uniform distribution (Alonso et al. (2008), Rantakari (2008)). We
extend the result to all scalable distributions. The shape of the distribution does not matter, as long as it is fixed.
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Fig. 3. Uniform distribution F, (solid black) and Triangular distribution G, (dashed blue) both with variance o?=1.

4. Increasing, convex transformations

Given that linear transformations are neutral with respect to the communication/delegation choice, it is natural to conjecture that
convex transformations have an effect. Therefore, we now study changes in symmetric distributions of the state that are induced by
increasing, convex transformations of the absolute value of the random variable, 6 — T'(6) for § > 0, and their impact on communi-
cation equilibria and payoffs. Note that the composition of an increasing, convex and a linear transformation remains increasing and
convex. Thus by Corollary 1, and without loss of generality, we will focus on increasing, convex transformations 7'(6) that keep the
variance constant. Geometrically, this means that 7'(6) must cross the 45° line exactly once from below. In words, the transformation
decreases small realizations and increases large ones. This then implies that the cdf of 6 crosses the cdf of T'() once from below;
recall that both are defined on the positive part of the support. The transformed cdf thus has more mass in the tail of the distribution.
In other words, increasing, convex transformations make extreme realizations of the state disproportionally more likely. They are
hence a natural way to think of a disproportional increase in risk, which we call tail risk.

We will introduce two stochastic orders as our measure of this tail-riskiness. First, two distributions are ordered in the convex
transform order if one is a convex transformation of the other. In terms of equilibrium analysis, we will show that the convex transform
order implies an ordering of the quantiles at the equilibrium thresholds (Proposition 2). In other words, convex transformations imply
monotonic shifts in the quantiles at the equilibrium thresholds. Thus, relatively more extreme actions become more likely. In order
to obtain a clear ranking of the equilibrium payoffs, more structure is needed. We introduce a second stochastic order, the uniform
conditional variability order, which gives an additional measure for increased tail-riskiness that applies to any given truncation. Both
orders together imply that the difference of the densities has exactly two sign changes on the positive part of the support. We will
show that increasing tail-risk in this combined sense implies a monotone comparison of the equilibrium payoffs (Proposition 3).

Intuitively, more mass in the tail implies that extreme events are more likely. Combined with extreme conflicts in the tail, this
implies an increased potential for catastrophes. In the oil-drilling example, one could think of a convex transformation of the state as
of a change from on-shore to deep-water oil-production, where drilling conditions are relatively more likely to be extreme, e.g., they
feature very ‘different geological pressures and formations’ (National Comission on the BP Deepwater Horizon oil spill and offshore
drilling (2011) p.299).

4.1. Equilibrium quantiles

Consider two distinct random variables © ; and ©, with distributions F and G, and symmetric densities f and g, respectively.
Let Oy, := |®,| and 0, 1= |®, | denote the absolute values of these random variables (or equivalently, by symmetry, the random
variables with distributions truncated to the positive halves of their supports). The respective densities of the cdfs F, and G, are
f+(x)=2f(x) and g, (x) =2g(x) for x > 0. By symmetry, it is without loss of generality and analytically convenient to study the
one-sided distributions F, and G, . The economic intuition, however, is easier to convey by means of the two-sided distributions F
and G. In what follows, we therefore go back and forth between the two representations.

We illustrate our assumptions and results graphically with two prominent distributions: the uniform distribution represents F
and the triangular distribution represents G. See Fig. 3 for an illustration of f,_(0) = %, F (6)= %, g.(6)= % (1 - %), and
G.(O)=1- M. The right panel shows that the cdfs cross once; for future reference, note that the difference of the densities
g4 — [, in the left panel has two sign changes, from positive to negative to positive. Moreover, as discussed above, the assumptions
of convexity and equal variances imply that S, C S, for these two distributions, and indeed, for any two distributions with bounded
supports. More generally, we always have Sy C S,.

To abbreviate notation, we will write G™! F for G~'o F. Note that we can think of ©,, as generated from O by the increasing

transformation T’ (0 f+) = G;IF " <6 7. ) The distributions are thus related by the condition G, (T (0 1. )) =F, (0 r. ) We assume
that this transformation is increasing, convex and twice continuously differentiable. For an illustration of this condition for the uniform

F, and triangular G, distributions with G;l F, (0)= \/8(1 -, /1= 13), see the central panel in Fig. 5. Formally, we assume that the

e

distributions are ordered in the convex transform order:
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Fig. 4. The discrete distribution of receiver actions in an Even equilibrium for n = 1 and a = 1, illustrating Proposition 2 for uniform distribution F, (black dotted)
and triangular distribution G, (blue dashed).

Definition 1 (CTO+). (van Zwet (1964)) G)f+ is smaller than (9g+ in the convex transform order, that is, ® I <. ®g+, if G;lF \ (6) is
convex in € on the support of F,.

The convex transform order is a skewness order: ® I <. (»*)ng implies that distribution G, is more skewed towards high realizations
than F, . As explained above heuristically, because of the common origin at § = 0, convexity of G‘lF (), and S r < § there exists

0 such that G7' F, (9) = 0. Therefore, G, (0) > F, (0) for € (0,8), and G, (0) < F, (0) for 0 € (4, S,). This implies that Zﬁzi i +$§
N

G*fgg G(g)(g) < F+1(9)F fg;g) for 6 € (6, 5 ¢)- The truncated distributions are thus ordered by first order stochastic

for 6 € (0,0), and

+()

dominance: above 0.15

dominates G+ ) below 6, and w dominates w
G, () 1-G,(0) 1-F, ()

Notice that the convex transform order is transitive: For three distributions with cdfs H,, G, and F,, if G;'F, is increasing and
convex and H;!G, is increasing and convex, then H_'F, = H7'G,G7'F, as the composition of two increasing, convex functions
is increasing and convex as well. Moreover, consistent with convex transformations remaining convex under linear transformations,
the convex transform order is independent of location and scale (van Zwet (1964)). Formally, two distributions are equivalent in the
convex transform order if and only if one random variable is an increasing affine transformation of the other.

Consider now the two-sided distributions F and G. The transformation of the random variable T'() in the two-sided case is
concave-convex: concave for # <0 and convex for 6 > 0. By symmetry, G has more mass in the tails than F. For this symmetric
two-sided case, van Zwet provides an equivalent stochastic (kurtosis) order. Formally, the one-sided distributions satisfy @, <. ©,,
if and only if ® I is smaller than ®g in van Zwet’s s-order, ©® <y G)g (van Zwet (1964)). As the s-order implies a higher kurtosis it
provides a natural measure of risk.

The s-order and thus the convex transform order have the following implication for equilibria of the communication games.

Proposition 2. Suppose ©,, <. ©,,. Then the quantiles at the equilibrium thresholds for the respective distributions, t!

F, (tg f) <G, (z;{g) for all n.

s z"’ & satisfy

The proposition shows an ordering of the quantiles at the equilibrium thresholds. For an illustration of the Even equilibrium for
n=1, see Fig. 4:if O, <. ©,,, then all critical types for G, are weakly higher than all critical types for F, in the quantile space.
Note that the ordering only refers to the quantiles at the critical types, but not necessarily to the actions.

In the oil drilling example, the proposition implies that in the more tail-risky deep-water environment, larger adjustments are less
likely to be implemented than in the less tail-risky on-shore environment. Note that statement does not refer to the absolute sizes of
the different adjustments.

The proof of the proposition uses the convexity of the transformation and Jensen’s inequality. We illustrate the most important step
of the proof in Fig. 5. The left panel illustrates the Even equilibrium with » = 1 and alignment a = 1 for the uniform distribution F, .

The equilibrium actions /4| r and ;42  areamean- preserving spread of the equilibrium threshold ¢! 2 '“1 sT3 /42 e The central

Lf? 1 Vi
panel illustrates the convex transformation 7' = G lF applied to the equilibrium values under F, . Due to the convex1ty of T and
Jensen’s inequality, the corresponding values on the vertical axis do not form a mean-preserving spread, T(t f) < T( “1 f) + = T(M2 f)
(see the red dashed lines). As a consequnce, the quantiles cannot be part of an equilibrium under G. After transformmg back to the
state space, we show that the critical types need to increase relative to the situation with the same quantiles. This last argument

-1
,lq)s ,(q)
F"(q) G (@

15 Equivalent representatwns of the convex transform order are given in van Zwet (1964) Lemma 4.1.3, for example, that £

g _ LF @)
() T £,(G' @)

for 0 < g < 1, or that the

density quantile ratio & = is non-decreasing for 0 < g < 1.
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Fig. 5. Even equilibrium for uniform distribution (left panel) and triangular distribution (right panel) in the quantile space both for n =1 and a = 1. Convex transfor-

mation T'(0) = G;‘F+(9) = \/6(1 -4 /1= %) (central panel).

uses that the densities are logconcave, which implies that truncated means “move relatively slowly” in their bounds. The right panel
shows the equilibrium and the resulting mean-preserving spread for the triangular distribution G, ti’g = %M},g + %#;,g' The main
argument solely relies on convexity. We show in the appendix that the proof extends to @ < 1 and to an arbitrary number of critical
types.

While the proposition allows us to order the quantiles of the equilibrium thresholds, it does not necessarily imply an ordering of
the equilibrium payoffs. A sufficient (but not necessary) condition for the ordering of the payoffs is an ordering of all equilibrium
actions, “Zg < /4;" for all i < n. If all actions are ordered, then the distribution of the actions for F, first order stochastically dominates
the distribution of the actions for G . This implies that the distribution of the equilibrium actions for F is a mean-preserving spread of
the distribution of the equilibrium actions for G.'® The mean-preserving spread then implies an ordering of the variances, Uar(y;) >
var(,ug), and hence of the payoffs.

Without further assumptions, however, not all the equilibrium actions are always ordered, as our example in Fig. 4 with ;4% ¢ /4; P

for a = 1 shows. In the next subsection, we will address the ranking of the equilibrium actions (1) by imposing more structure on the
distributions that we compare, in particular on their likelihood ratio, and (2) by requiring a sufficiently low level of agreement.

4.2. Equilibrium gains

We now focus on the densities of the distributions. The convex transform order implies that g, — f, is positive for small and for
large values of 0, so that g, — f, must have at least two sign changes. Whitt (1985) introduces a concept of ‘increased riskiness’ that
requires that g, — c - f, has at most two sign changes for arbitrary ¢ > 0 (and if there are two, they are from positive to negative to
positive). The factor ¢ takes care of the relative measure on arbitrary subsets, thus preserving the order under arbitrary truncations.
Given the partitional equilibrium structure, the order seems to be tailored to the problem at hand. Whitt shows that this requirement
is equivalent to ® 7 being uniformly less variable than random variable ©,_ :

Definition 2 (UCV+). (Whitt (1985)) ©® A is smaller than ®g+ in the uniform conditional variability order, ® I <uw ®g+, if the support
of ®, is a subset of the support of ®, , S, C S, , and the ratio £+® s unimodal over S , where the mode is a supremum, but
S+ &+ S+ 8+ £+(0) &+

O, is not first order stochastically higher than O, .
+ +

For an illustration of different likelihood ratios on the positive half of the support, see Fig. 6. The ratios are unimodal with
interior mode m. As we show in the proof of Proposition 3 below, ® 7y Suv O, implies (again) that there exists some & such that
1-G,(0)<1-F,_(9) for 6 € (0, f)and 1 — G, (0)>1—-F, () for0 e (é,gg). Thus, ®f+ <w ®g+ like ®/, <. ©,, implies that the
distribution of ®, has more mass in the tails than the distribution of © .

The uniform conditional variability order in combination with the convex transform order implies that the difference of the
densities has exactly two sign changes: g, — f, is positive for small and for large values of # and negative for intermediate values of
0. We use the unimodal likelihood ratio to order the equilibrium actions and thereby the equilibrium payoffs:

16 For a definition of mean-preserving spreads see, for example, Mas-Colell et al. (1995) Proposition 6.D.2; for an earlier reference see Hardy et al. (1929)).
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Fig. 6. Uniform conditional variability. Left panel: distributions f, (uniform) and g, (triangular) with satisfy ©, <,, ©, . Right panel: distributions

2 1-L
g, (triangular) and A, (9) = \/il% (1 — \/LTO) for 6 € [0, vV 10] with i:—((z)) = \/% (<17 X ;1 satisfy G)g+ <w @h+ (see Lemma A.7).

Vio

Proposition 3. Suppose that F and G have the same variance 6> and that O <,0, and ©;, < O, . Then, there exists a e(0,1),
defined in the proof, such that for a < ', the distribution of ;4; is a mean-preserving spread of the distribution of /4;, implying that

Uarf(,u;’,) > Uarg(;t;).

The proposition implies by equation (3) that the payoffs for distribution f are higher than those for g. Note that this insight extends
to distributions f and g with a§ > 62 that satisfy the remaining conditions of the proposition, since —o2 + var £ ( /4;’,) > —a§ +var, (;4;).
Hence our comparison extends to cases in which one distribution is more risky than the other in the sense of a higher variance and a
higher kurtosis.

Condition ® ¢, <. ©,, implies that for any alignment a € (0, 1) the equilibrium probability distribution of the receiver’s actions for
F puts more weight on the more extreme actions than that for G. For a relatively small, all thresholds and actions are relatively close
to the prior mean. Due to O, <, ©, this implies that the equilibrium actions for f are all farther away from zero than those for g.
Taken together, the ranking of quantiles and actions imply that the distribution of ;4; is a mean-preserving spread of the distribution
of yg.

Table 1
Even equilibrium values for uniform and triangular distributions for n=1.

Uniform Triangular
a 0.25 0.5 0.75 1 a 0.25 0.5 0.75 1
7 ; 0.124  0.289  0.520  0.866 t}.g 0.119 0.287 0.537  0.936
y:_f 0.062 0.144 0.260  0.433 u . 0.059 0.141 0.257 0.431
y;f 0923 1.010 1.126  1.299 y;g 0.896 1.008 1.174  1.440
F,(t) ;) 0071 0167 03 0.5 G+(t} o 009 0221 039 0618
uar(y;) 0.800 0.854 0.908 0.938 var(u;) 0.727 0796  0.867  0.907

Table 1 illustrates our findings. First, the table shows that for sufficiently little alignment a, the receiver’s equilibrium actions
are closer to the prior mean for G, than for F,. Together with Proposition 2 this implies that the distribution of actions for F is a
mean-preserving spread of the distribution of actions for G. Second, the table shows that the ordering of the equilibrium actions is
sufficient, but not necessary, for a higher gain from communication: the variance of receiver actions var(u) is higher for F than for
G for all levels of alignment a in the table.!”

In terms of the oil example, adapting drilling procedures is very costly, indicating a likely conflict of interest. The proposition
states that the gain from communication in a less tail-risky environment, say on-shore drilling, is higher than that in a more tail-risky
environment, say deep-water drilling. Thus communicating information in a deep-water environment cannot be expected to work
that well, as extreme circumstances, resulting in large disagreement, are disproportionally likely.

5. Delegation versus communication

In this section, we quantify the effects derived in the previous analysis. We provide some interpretation for the term “sufficiently
misaligned” interests used in Proposition 3. Moreover, we link our findings back to the comparison of delegation versus communi-
17 Uniform conditional variability and logconcavity prove useful also outside of communication games; see, for example, Lyu et al. (2023) for an application to

information design.
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cation. We show that for a given alignment of preferences, a more risky distribution can change the optimal way of decision-making
from communication to delegation. All distributions we compare in this section are ranked according to the convex transform order
and the uniform conditional variability order.

To quantify the effects and to derive a formula for the gain from communication, we rely on a “dynamic programming” procedure
as our technical tool. The slope of the tail-truncated expectation function ¢(¢) :=E[®|® >¢] for ¢ > 0, is a crucial determinant of this
value.'® The case of a linear tail-truncated expectation — the two-sided generalized Pareto distribution — is particularly structured; we
treat this in the next subsection. A second class of interest is the class of convex tail-truncated expectation functions. The Gaussian
distribution is a prominent case with this property, which we treat thereafter.

The gain from communication in a limit equilibrium can be quantified as follows.

Proposition 4. Suppose that ¢(t) :=E[O| ® > ¢] is convex in t > 0. Then the variance of u" in a limit equilibrium satisfies

var(u®) > 7 - p(0)%.

2z
—a-¢'(0)
If ¢(t) is linear in t > 0, then the condition is satisfied with equality.

The (lower bound on the) variance of y® is a product of two terms. The factor $p(0)> = E[O]© > 0]? measures the amount of
information that is transmitted by binary communication, when dividing the state space into positive and negative realizations. The
factor #47’(0) captures (a lower bound on) the additional information contained by dividing each half into a countable infinity
of subintervals. The latter term depends on the slope of the tail-truncated expectation, ¢’'(¢). The slope is constant for a linear
tail-truncated expectation function which therefore yields a closed form solution. The slope is increasing for convex tail-truncated
expectations. We thus obtain a lower bound on the variance of equilibrium actions by using the minimal slope of the conditional

expectation, which amounts to the slope at zero, ¢’ (0).
5.1. The linear case: generalized Pareto distribution

The tail-truncated expectation ¢(f) = E[©] © > 1] is linear in 0 < 7 < S if and only if the state is distributed according to a two-sided
generalized Pareto distribution.'® For this class, the density is

o1\ 5"

1 s s s

0:6,5)= ~ (1454 f ae[—,——], GP

£ s)2s<+s> oroe |2~ (GP)
2

where s € (0, ) is a scale parameter and § € [—1,0) is a shape parameter.2? The variance of the distribution is ¢2 (s, §) = (1—52)%+25)'

Increases in scale s, for a given shape 6, make the support, [%, —%], wider, and move equilibrium actions further away from the
mean. Increases in shape 6, for a given support, move equilibrium actions closer to the mean. Any two distributions f,g in this

/
generalized Pareto class with parameters 5,6 and s’,8’ respectively, such that 0> & > 5> —1, s’ < s, and —3 < —3;, satisfy the

convex transform order Qf + <. ®g + and the uniform conditional variability order ®f+ <uw (95,+ (see Lemma A.7 in the appendix).

The class nests many well-known distributions: the case 6 = —1 is the uniform distribution, é = —% is the triangular distribution,
and the limit case 6 =0 is well defined and corresponds to the Laplace distribution. By Proposition 4, for the generalized Pareto
environment, the expected utilities arising from communication in a limit equilibrium can be stated in closed form.

Lemma 2. For the two-sided generalized Pareto distribution with shape & € [—1,0) and scale s> = ¢ w, we have that ¢'(0) = ﬁ~
Hence, in a limit equilibrium, we have

18 The computation is based on a procedure which is akin to dynamic programming (for a = 1, i.e., identical sender and receiver preferences, it would be dynamic
programming in the literal sense). In particular, we compute the expected squared deviation from ¢(0) conditional on the last interval, then conditional on the last
two intervals, and so on, proceeding towards zero. In each step, we can simplify the expression using the arbitrage condition of the threshold types, the law of
iterated expectations — which links expectations over subintervals to expectations truncated to the tail of the distribution —, and the special form of tail-truncated
expectations. If the tail-truncated expectation function is linear in the truncation point, we can carry an exact functional form backwards towards zero, obtaining a
closed form expression in the limit. The procedure was developed in (Deimen and Szalay (2019)). Here, we generalize the procedure to the case of convex tail-truncated
expectations. Note that our quantitative assessment of communication gains via “dynamic programming” applies to any distribution that becomes relatively more
variable towards the tail of its distribution in the sense of a globally increasing residual coefficient of variation (Gupta and Kirmani (2000)). Gupta and Kirmani (2000)
show that the residual coefficient of variation, i.e., the ratio of residual variance and mean residual life squared, increases in the truncation point if ¢(7) is convex in .

19 In Deimen and Szalay (2019), we derive distributions with a linear tail-truncated expectation from first principles as the unique solution to a differential equation.
In that formulation, the solution involves the variance and the slope of the tail-truncated expectation. Here, we observe that we can re-parametrize these distributions
to the general Pareto class with scale s and shape 6.

20 The distribution is constructed from the well-known one-sided generalized Pareto by reflecting the density at the vertical axis. The location parameter is set to zero,
so that the mean is zero. The distribution is defined more generally for shape parameters 6 € (—o0, ), but we restrict attention to the subset that features logconcave
tails. We treat the case 6 > 0 in Deimen and Szalay (2019); these distributions have logconvex tails and an infinite support. The generalized Pareto distribution was
introduced by Pickands (1975) in the context of extreme value theory. See also Arnold (2008).

12



I. Deimen and D. Szalay Journal of Economic Theory 222 (2024) 105916

a
11
Delegation
Communication
1
2
|
‘ 5
-1 0

Fig. 7. Delegation versus communication. On the horizontal axis, the shape parameter § increases from —1 (uniform distribution) to the limit of 0 (Laplace distribution;
see Deimen and Szalay (2019)); on the vertical axis, the level of alignment a increases from % to 1.

a

0y _ 2 m 2
var(u®) = 2—0’ . 4
1-6

Equation (4) obtains from applying Proposition 4, noting that ¢(0) = ﬁ, and using the functional form of the variance. Naturally,
var(u") < var (u*®) < var (®). For a — 0, the value var(u®) approaches the value of binary communication. Note that for any given
alignment a € (0, 1), the value var(u®) is decreasing in 6.>! A larger shape parameter reduces the value of communication, as less
information is transmitted in equilibrium. Thus, within the generalized Pareto class, the shape parameter has a strictly negative impact
on the gain from communication for any value of a < 1.22 In the sense of Proposition 3, for this class, the condition of “sufficiently
misaligned” interests is always satisfied, i.e., a’ = 1, and there is no restriction on the alignment parameter.

It is now straightforward to investigate the effect of the shape of the distribution on the optimal choice of institution: communi-
cation or delegation.

Proposition 5. Consider the two-sided generalized Pareto distribution with 6 € [—1,0). Suppose the receiver can choose between communica-

tion and delegation. Then, delegation is better than communication in any equilibrium of the communication game if 6 > % Communication
in a limit equilibrium is better than delegation if 6 < ;:gz

While the performance of delegation depends only on the variance of the environment, the performance of communication depends

1
- L
in addition on the shape of the distribution. The fraction of information that is transmitted in a limit equilibrium, 2_—12, is smaller
1-6
in environments that feature a larger 6. We depict the comparison in Fig. 7.

Consistent with the literature, delegation dominates communication when interests are relatively well aligned and the receiver is
quite responsive to the sender’s advice, i.e., a > % .23 The comparison in terms of the shape of the distribution adds a new dimension

to the literature. For a € (% %) and a distribution with a low shape parameter, communication is optimal. If the shape parameter is

higher, however, delegation is optimal. In other words, an increase of the mass in the tail of the distribution — an increase in tail risk —
induces a change in the mode of decision-making from communication to delegation in the named range. Note that the conditions in
Proposition 5 are independent of the scale parameter s. This is an illustration of Corollary 1: Proposition 5 compares communication
and delegation payoffs for distributions with arbitrary variances.?*

With regard to the oil example, our analysis suggests that it is not the increase in oil-production but the change in the drilling
procedure, say from on-shore to deep-water drilling, that asks for a different decision protocol: delegation instead of communica-
tion. Following experts’ recommendations, such as installing the adequate gear or waiting for test results, could have mitigated the
catastrophe (National Comission on the BP Deepwater Horizon oil spill and offshore drilling (2011) p.125).

21 For a = 1, the value of partitional communication reaches the upper bound of fully revealing communication. For a = 0, the receiver’s action equals zero for any
sender strategy.

22 Alonso and Rantakari (2022) derive an upper bound on the maximal communication payoff for a set of distributions. In particular, they consider a uniform, a
half-triangular, and a truncated exponential distribution. They show that for a constant variance a shift from truncated exponential, to half-triangular, to uniform
improves the payoffs under communication. This is in line with our findings. Because they consider a fixed interval support, this shift implies an increase in the expected
conflict. Thus in their paper, a shift that reduces the expected conflict can worsen communication. In our paper, better aligned interests imply better communication
payoffs.

2 See, for example, Alonso et al. (2008) and Rantakari (2008) who study a uniform distribution, i.e., § = —1. See also Dessein (2002).

24 Chen and Gordon (2015) (Section 5.2) compare delegation and communication for a Beta distribution and an additive bias. They state conditions on the bias and
the variance such that informative communication is feasible and dominates delegation.
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W\ E[u€ (6)] = E[udé! (L))

Elug"(D)]

Fig. 8. Communication payoffs in a limit equilibrium for the Laplace distribution £ (blue, dashed) and the lower bound for the Gaussian distribution G (black, solid)
and the delegation payoff (dashed-solid), for a = 0.68. The communication payoff in a limit equilibrium for the Gaussian distribution is some ray indicated in gray, in
the shaded area.

5.2. A convex case: Gaussian versus Laplace

We here consider two distributions with infinite support. The Laplace distribution features linear tail-truncated expectations; it is
the limit case with 6 = 0 in the two-sided generalized Pareto class studied in the previous subsection. A leading example within the
class of distributions with convex tail-truncated expectations is the Gaussian distribution (see Sampford (1953)).

Lemma 3. For the Gaussian distribution, ¢'(0) = % The gain from communication in a limit equilibrium is bounded from below,

var(u®) > ﬂiacz. 5)

The lower bound on the variance of equilibrium actions uses the minimal slope of the truncated expectation, which amounts to
the slope at the origin, ¢’(0) = % Applying Proposition 4 and noting that for the Gaussian distribution ¢(0)> = %62, one obtains (5).

With this at hand, we can compare delegation to communication for the Gaussian and for the Laplace distribution. Note that the
distributions of the absolute values of the Gaussian and the Laplace are ordered as follows: the Gaussian is smaller than the Laplace
in the convex transform order; and the Gaussian is uniformly less variable than the Laplace for equal variances (see Lemma A.8 in
the appendix). Hence, we can say that the Laplace distribution is more tail-risky than the Gaussian distribution.

Recall that by Corollary 1, the comparison of delegation and communication is independent of the variance. Denote by o-é (ai)
the variance of the Gaussian (Laplace) distribution.

Proposition 6. i) For any o-é,o%, if communication is preferred over delegation for the Laplace distribution, then communication is also
preferred over delegation for the Gaussian distribution.
ii) The value of communication in a limit equilibrium is higher for the Gaussian than for the Laplace distribution, if a < 0.858 and aé < ai.

The proposition states that optimally there is more delegation in the more tail-risky environment, for any levels of the variances.
Moreover, there is a nonempty set of preference alignment parameters a for which delegation is preferred for the more tail-risky
Laplace distribution, whereas communication in a limit equilibrium is preferred for the less tail-risky Gaussian distribution. For an
illustration, see Fig. 8.

For part ii), interests are sufficiently misaligned in the sense of Proposition 3, if a < 0.858. In this case, and for all variances
satisfying aé < ai, the lower bound of the value of communication in a limit equilibrium for the Gaussian distribution outperforms
the exact value of communication in a limit equilibrium for the Laplace distribution.

The Gaussian distribution is one example. Similar results can be obtained for any distribution with a logconcave density and a
convex tail-truncated expectation function.

6. Thin versus heavy tails

We have so far confined our attention to distributions with a logconcave density - i.e., relatively thin tails. We now expand our
analysis to distributions with logconvex, i.e., heavier, tails.

Proposition 7. Consider two symmetric distributions F,G with support on R and with the same finite variance c2. Suppose that the density

4 is logconcave and the density g, is logconvex. Then, ®; <, 0, and©, < 0O, . Moreover, in any informative symmetric equilibrium,

there exists a' € (0, 1), such that for a < ', the distribution of ;4; is a mean preserving spread of the distribution of yg, implying that
Uarf(y;) > Uarg(ug).

14
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The payoffs of the communication games for distributions with logconcave tails are thus higher than for those with logconvex tails.
Even though Proposition 1 does not apply, there always exists an informative symmetric equilibrium, since binary communication is
always feasible.

To prove the proposition, we only need to apply Proposition 3. Hence, we aim at showing that the conditions stated in the propo-
sition imply that the distributions are ranked according to ©; <,,®, and O, <. O,,. We first consider the uniform conditional
variability order and relate it to the well-known concept of relative logconcavity, introduced by Whitt (1985): f, is said to be logconcave

relative to g, if g—* is logconcave. We obtain the following.
+

Lemma 4. Consider two symmetric distributions with the same variance and with densities f,g on R such that £_+
N

25
®;, <, ©

J+ SW &+

is logconcave, then

In particular, note that g—* is logconcave if f, is logconcave and g, is logconvex. As a consequence, two distributions satisfying

+
the assumptions in Proposition 7 are ranked according to the uniform conditional variability order, ®, <,, ©,, . We note that, in
contrast to the uniform conditional variability order, relative logconcavity is a transitive concept.

We next consider the convex transform order, ©,, <. ©,,.

Lemma 5. Consider two symmetric densities f,g on R. If f, is logconcave and g, is logconvex, then © 7, <. ©,.,.

Hence the conditions of Proposition 3 are satisfied, and we obtain a mean-and-variance-preserving spread in terms of the un-
derlying state distributions. By the now familiar arguments, this induces a mean-preserving spread in the distributions of receiver
actions.

In closing, we note that we have picked the most focal point of comparison: the loglinear (Laplace) distribution which separates
logconcave from logconvex distributions. We can pick any other distribution as a point of reference, for example the Gaussian
distribution. Distributions that are logconcave relative to the Gaussian distribution are called strongly logconcave (Wellner (2013)). In
a similar vein, we can consider distributions that are smaller or larger than the Gaussian distribution in the convex transform order.
Our insights carry over to these comparisons.

All of our results show that communication tends to perform poorly in environments with heavier tails compared to environments
with thinner tails.

7. Conclusion

In this paper, we study the impact of risk on the performance of communication, through transformations of the state variable. In
particular, we are interested in the likelihood of extreme events, which in our model is tied to the likelihood of extreme disagreement.
We compare the payoffs under communication with those under unconstrained delegation.

We find that linear transformations (changes in the variance for a given shape of the distribution) scale the payoffs under commu-
nication as well as under delegation. Increasing, convex transformations (changes in the shape of the distribution that increase the
kurtosis for a given variance) only impact the payoffs under communication. We combine the convex transform order with the uniform
conditional variability order to rank the payoff gains from communication, assuming adaptation costs of some size for the receiver.
Increasing the tail risk through a combination of linear and of increasing, convex transformations more often renders delegation
optimal relative to communication.

Finally, we confirm our finding that an increase in tail risk is detrimental for communication when comparing distributions with
thin tails to distributions with heavier tails. When extreme events become more likely, communication suffers.
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Appendix A

Definition A.1. The forward equation is recursively defined as solutions #,,(#;,_;,;) to the indifference conditions of types t;. We
denote an arbitrary initial value of #; by . In particular, for i = 1 we have #,(0, r) as solution to
2r —aE[O|® €[0,7]] — aE [0] © € [1,1,(0,7)]] =0, (6)

for i > 1 we have t,,;(t;_,t;) as solutions to

i-1

21, —aE [O|® € [1,_1,1;]] —aE [®|O € [1;,1,4,(t;_1,1)]] =0. @

Lemma A.1. (Szalay (2012)) (Strict) Logconcavity of the distribution implies that

2
ot;_y

E[@|®€ [t_.1]] + [@l@e[r, L] <L

Lemma A.2. Consider the forward equation. Logconcavity of the distribution and a < 1 implies that forall i =1,...,n—1

ity (z_ E[0l0c[r_.t]] - [®|®€[t,,t,+]”> g

dr, am[E[Gle)e [’zv’[+1”

Proof of Lemma A.2. Consider the forward equation for ¢,. The value ¢, (0, 7) is the unique solution to (6). Totally differentiating
(6) we find

i, (2-aZEr010€ 0,711 - a2E[0lO€ [r.15]] )

2 >1,
dr as-E[0]© € [r.1,]]

where the inequality follows from Lemma A.1:

) 0 0
2-a—E[O|®€[0,7]]>1>a--EF [810 € [7.1,]] +a£[E [810€ [r.1,]].

Next, consider arbitrary i = 1,...,n — 1. The sender’s solution to the forward equation for #; is given by (7). Totally differentiating
(7) yields
0 0
2—a;[E[®|®€[t,-_l,ti” [G)|®e[t,,t,+1]] 5 E[®|O€ [1;_ 1,t]] dt;
1 i—1 l
0
=a>—E [O10 € [t,.t,41]] dtiy-
i+1
Suppose as an inductive hypothesis that t— >1, s0 dt— < 1. Rearranging, we get
2 dt;_
diy (2-agE[010€ [yt - atE[O1O€ [t 1] a5 E[O1O € [1,y,1]] Lt )
dt; am[E[®|®e [tintia]]
>1,

which obtains by the inductive hypothesis and Lemma A.1:

2-a3-E[010¢ [1.1]] —aa," e U
—

>2—a—[E[®|®e[, 1,1]]—0 [E[®|®e[, 1]

>1>a—[E[®|®e[t,,t,+1”+a [E[@l@e[ tin]]-

Lemma A.3. The last equilibrium threshold t! is bounded from above for all n and lim,,_, ., 1 < co.
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Proof of Lemma A.3. The statement is trivial for a bounded support.
For an unbounded support, consider the closure condition and define

A, (1)=2t,(t)—aE[0|0 € [1,_; (2).1,(0)]]| —aE[0]0 21, (7)] .
Now, A, (7) =0, for 7 = t']’. We have
A, (1)) =210 —aE[0]0 € [t . 12]] —aE[0]10>11] >2 (12 —aE[0]0>17]),
which follows from —alE [0| 0 e [IZ—l’t::” > —alE [0| 0> IZ] For a logconcave distribution, t — aE[0| 6 > 1] is negative for ¢ = 0,

increasing in 7, and goes to oo for # — co. Therefore, lim,_, ., # < co and the sequence 7}, is bounded above. []

Proof of Proposition 1. The proof is analogous to the proof of Proposition 1 in Deimen and Szalay (2019) which only considers the
Laplace distribution, and therefore omitted. Instead of using the functional form of the Laplace distribution one can apply properties of
logconcave densities to show the statements. These properties are summarized in Lemma A.1 and Lemma A.2. Moreover, Lemma A.3
shows the existence of a bound. For a detailed version of the proof, we refer the interested reader to the working paper version
Deimen and Szalay (2023). []

Proof of Lemma 1. i) Note that any symmetric one-dimensional density is elliptical (Cambanis et al. (1981)). Moreover, elliptical
2
densities can be written as f (0) = Kél]/ (Z—z ), where « is a normalizing constant and y is a (density generator) function that captures

the shape of the distribution (Gémez et al. (2003)). Thus, the density depends only on the standardized variable §~

We show that equilibrium strategies (¢') and a - () are linear in the standard deviation o, i.e., 2" = (z,") = (%) is the sequence
of equilibrium critical types for the standardized distribution with unit variance, and E [®| [SXS [tf_l,tf’” =oE [Z | Z e [Z?_.’Zi']]’
for Z := %.

Consider a typical equilibrium indifference condition

1;—aE[B|® € [1,_y,1;]| =aE[®|O € [t;,1,4]] — ..

A change of variables to z = g, and thus dz = id@, implies that

t; Zj
f 0K%y/<z—z)d9 o / zm//(zz)dz

i1 Zi-1
E[@|@c(t.t]] = =
(o1 € fri-r.tl] Pr(Ocin])  Pr(Ze[oz])

=oE[Z|®€ [z,_.2]].

1

with z; = =. Hence the indifference condition can be written as

z; —alk [Z|ZE [zi_l,zi]] =akE [Z|ZE [zi,ziH” -z,

which is independent of the variance. As a consequence, the standardized equilibrium thresholds z; are independent of the variance.
It follows that var(u") is linear in o2, var(u") = £(n, a,yw)o?, where #(n,a,y) is independent of ¢2.
Finally, since E[4"] = E[6] =0 and E [4"®] = EE [4"©|© € [0,.0,,,]| =E [(u")*] = var(u"), we have

EL" (v ©.0.n)1 =~ [(@u” = 00)°| = ~a%E [(4")? = 2470 + 07
=d° (Uar(y”) - 02) =-a*(1-¢(n,a,y)) o>

i) E[u%! (ys.0,a)] =E [~ (©—a®)’| == (1 —a)*¢%. [

Proof of Proposition 2. The proof proceeds in three steps. In Step a), we compare a partition in the quantile space under distribution
f to the same partition in the quantile space under distribution g. We start with a = 1 and then extend the comparison to 0 <a < 1.
In Step b), we consider a (partial) quantile partition which features a combination of f and g. In Step c), we combine Steps a) and b)
and use an iterative procedure to derive an equilibrium partition out of the (partial) partition. This allows us to rank the equilibrium
quantiles under f and g.

Stepa) Let he (f,,g,} and H € {F_,G,}. As in Jewitt (1989) by a change of variables, the conditional expectation can be
rewritten as

di+1 _1
hO 4o [ @,

1) — H (1;) J Gi+1 —4i

Tig]
Hip1 =E[OO € (1,1, )] = / HH (0
1

with g, = H (1i+1) and ¢; = H (1;).
Define Q (4. 4i41) := H (i) = H (E[O1H™'(g) <© < H™!(g,)])-
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Claim. The convex transform order implies an order of the quantiles of the conditional expectations: If G;lF +(0) is convex, then
F+(‘1,-»‘1i+l) < QG+(‘1i»qi+|)f0r all GisGig1> 4 S i1 = L...,n—1

Proof. Assume G;] F,(0) is convex. Jensen’s inequality implies

di+1 di+1 di+1
G;'F, /F;‘(z) — L ———dz /G F, F—‘(z)—d /G‘l(z)—dz.
. F+(F+ (qi+1)) - F+(F+ (ql')) e Giv1 — i e gi+1 — 4
Monotonicity of G, implies that
Gi+1 di+1
F, / Fl(z)———dz|<G, / Gl (z)———dz|.
di+1 — 4; qdi+1 —4;
qi 4qi

This is equivalent to

L (E[OIF () <© < F Y (g,,))]) <G, (E[OIGT(g) <O <G (g,11)]) -
Thus, QF+(qi,qi+1) < QG+(qi,q[+1)- O

Recall that the equilibrium thresholds satisfy 7! —a-u!' =a- /4[ T ¢, fori=1,...,n. This can be written as 1] = g (u!' + /4! "l
For now, take a = 1.
Applying Jensen’s inequality twice, we obtain

di di+1

o 1 (z) 1 FJI(Z)
GJr F.|= / N ] dz+ = / ] : dz
24-_1 F (F[ () — Fo(F 7 (g21) 2 J FL(F7(g41) — FL(F(g)

ai di+1

1 / -1 1 / -1
<-G|'F F (z)—dz + =G, F (z)——dz
27+ g =g 2+ div1 = i

i1 9i

gi di+1
1/ -1 -1 1 1/ -1 -1 1
<> | GI'F.F'(z)——dz+- | GI'F . F'\(z)——dz
2 O q; — 4i-1 2 o di+1 — 4;
4i-1 4q;
gi qi+1
1/ . 1 1/
== G, (z)—/0—dz+ = G ()—dz.
2 g —g 2 dir1 — 4
4i-1 qi
Hence
q; 9i+1
1/ -1 1 -1
F. (z)—/——dz+ = / (z)——dz
12 4 = qi-1 2 i1 = 4i
di-1 i
4di di+1
<G l/G’l(z);dz+l/G (z)—dz
2 T g T2 G =4 |
gi-1 qi

/ F;

Define the functions v (g;) := % <q

it .
+ (z)dz | and

“la) =4 ) o2

Then the inequahty can be written as

flon (z)dz).

G, <ﬂv (qf>> 2 Fy (v(q,)) forall g € [g,1.4;11] -
U(Qi)

Applying the inverse of G~ and dividing by v (g;), this is equivalent to

2(a) | 67, (0(a)

for all g; € [q;_l’qu] : v
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We next want to introduce a € (0, 1). We aim at showing that

z(q;
G, <a%v (qi)> >F, (av(q;)) forallae(0,1) and all g; € [¢;_;. ;4] -
i
Applying the inverse of G~! and dividing by av (g;), this is equivalent to

(a) _ G Fs (a0(a)
v(g) av (q;)
This is equivalent to (8) for a = 1. Moreover, note that the convex transform order implies the star order (see Shaked and Shanthikumar

G7'F (6
(2007), p. 214): GJ:IF+ (0) convex implies that # increases in 6.

To apply this order to our condition, note that av (u) increases in a and ranges from 0 to v (‘h) for a € [0, 1]. Hence, setting a < 1
reduces the value of the right side of the inequality, and since the inequality holds for a = 1, it continues to hold for a < 1.

Step b) Recall that in the quantile space, the equilibrium condition ¢/

a 1 -1 l -1
g, =H, |4 —/H (z)dz+—/H (2dz||,
A [P P * Gix1,h — ik *

forh=f,gand H = F,G.

4i.h

di-1,h

di+1,h

4i,h

+ ylf'+ 1) can be written as

Fix the equilibrium thresholds ¢;_; , and g;,, ;, and consider ¢; = q; ,, as the following function that combines F and G

q;

G, g _r / G (2)dz+

4 —4di-1,f
di-1

f

By Jensen’s inequality, we have

q; di+1,f
G, n_r / G;l(z)dz+; / G;'(z)dz
2 9 —4qi-1,f div1,f —4i
di-1,f 4ai
q; di+1,f
1 1 -1 1 —1
>F || —— F (n)dz+ ——— F. (2)dz
2 4 —4qi-1,f div1,f —4i
di-1,f qi
G F(0)

for all ¢; € [q,-_l, £odit, f]. Thus the same inequality holds in particular at g; . The fact that

di+1,f

gi

_ / G (z)dz

i1,y —4di

is increasing in 6 implies that

q; di+1,f
G, |4 —— / G (ydz+ —— / 67 (2)dz
2 qi —4qi-1,1 dit1,r —4i
di-1.f di
qi di+1,f
a 1 —1 1 —1
>F | z|——— F (zydz4+ ——— F (z)dz 9
2 ‘Ii_‘Ii—l,fq div1,r —4i ]
i-1,f i

for all ¢; € [‘Ii—l,f»‘li+1,f]~

Since condition (9) holds for any arbitrary (quantile) threshold g;, it holds for all i =1, ..., n.

Step ¢) Denote the equilibrium quantile partition under f,, g’ 2 i=1,...,n,as
9y Uy
nor ¢ —L [ Fl(a F-l'(z)d
9ir ="+ e —g" + (2)dz + ) — + (z)dz
9 r ~i-1.f 9iv1.r ~Yir
i-1.f 9y
FR— s n - n —_
forall i=1,...,n. By convention, 4= 0 and Qyyry = 1.
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By Steps a) and b), we therefore have

45 G, s
1 _ 1 _
4, <G, 2 - / G;'(2)dz+ - / G (z)dz
qa;,—a. L g ity " ip J
Gi1.f 9if
Lett; ., 1= G;l (ql”f) Then
a
tigr €5 (Mitg (it Tigr) + Hig (ligrTivier)) - (10)

It follows from this inequality, that for any fixed 7;,_, ,, and 1;,, ., the value of 7, =1, , , is too low to be part of an equilibrium.
Given this observation, we consider the following iterative procedure: For any fixed #;_; . -, we denote the “partial equilibrium

thresholds” under g by t(*) for all j > i, where the distribution is adjusted from f to g on the entire support, the equilibrium thresholds

above 1;_; ,; are adjusted tog,t; = t( ) for j > i, but the equilibrium thresholds below ti_1,¢r and not adjusted, t; =1; . for j <i.

At iteration step one, keep all thresholds t;=t; 4 fori=1,...,n—1fixed and let , adjust to t<*) t(*) (theig f) At tﬁ,*z,, the sender

is indifferent under g between pooling upwards or downwards given that the receiver best rephes w1th respect to g.
At iteration step /, keep all thresholds #; =1, ., for i =1,...,n — [ fixed, adjust threshold 7,_,, to make the sender indifferent at
(%) () (%)
=t

il = Tnoitlg ( n—l.g f) and keep the sender indifferent at all thresholds t(*) for j > n—1+2. Note that all 7;

t( ) (*)
n—Il+1,g> """ j-l.g"

depend recursively

on the initial value #,_, , , and on their respective predecessors

At iteration step one, we observe that by (10), for ¢, = Thgss

t,— alpg (tn—],gf’tn) < Ayt (tn!sg> -

By logconcavity of the density, y,,; , (t,,,gg) and p, , (t,,_,’g e 1,) each increase in 1, less than one for one. Hence, there exists a

unique t,,; 21, . such that

IE,T; - a”n,g(tn—l,gfvlifg) Ayt g(t ) 5 ) I(T; (11)

Consider an arbitrary iteration step / < n. Suppose that all thresholds tj.*; for j=1+1,...,n have been adjusted “weakly upwards”.
Since increasing thresholds increases the right side of (10), the inequality continues to hold. It remains to be shown that there is
a unique t; = t such that

(a”IJrl,g(tl’t;j_)]’g) - 11) = (1 =ampg (1-15511)) =0 12

Differentiating the left side of (12) with respect to #;, we get

(%)

0 7] J ) I+1,g
—24+a— t N 1, + ll 1, —_—
a1, big (torgrti) + d —— Hi41,5( 1+1 g) . Ml+1,g( 1) ar,
) ai

I+]

By logconcavity, <1 implies that this expression is negative. We show that ’“ <1 holds by induction: Totally differentiating

(11) with respect to t and Th_1gs> We find that

£
() ( > )
dtn’fg _ 4o lgf”ng n=lgf>Ing <l

dt,_ 9 (%) ) ) T
n—legf  2— A=y Hng (tn_l’gf, t,,,g> Ay Hntig (t,,,g,Sg
ng ng
where the inequality is due to logconcavity of the density.

2
YI+1

>

Next, suppose that < 1. Totally differentiating (12) we get

) 2 )
dr)] L KU S TSN

)
af
9 (%) G) 40 £ ) “+Lg
2-a—GHg(tor gty )~ a‘*) Hivi () g 1+1,g)_“0<*) gy ooty ) ar)
Lg I+1.g

dtI_Lgf

ar?
by logconcavity of the density and the assumption that 1” < 1. This concludes the argument.
d
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Switching back to quantiles, we have demonstrated t” 2t ,r =G} (q’" ; ), and hence
G+<’7,g) 4, =F, ( )forallz O

Proof of Proposition 3. Assume that the equilibrium partition under distribution g, t;’g, satisfies the following condition,

Es [®f|®f€ [, e tg]] +E; [®f‘®fe[:g ’,+1,g”

e fofore ] oo ]

i-1,g°"i.g

where £ = Sg and ’Sg =0.
To prove the proposition, we need to show that quantiles and receiver induced actions are more risky in the sense of a mean-

variance-preserving spread under distribution F than under distribution G. Recall from the proof of Proposition 2 that ®,, <. ©,,
implies that the quantiles satisfy F, (t:’ f) <G, ( ) for all i. Thus, to prove the proposition, it suffices to order the receiver’s

induced actions as well. In particular, we show that condition (13) implies that under distribution f the equilibrium critical types
are strictly higher and strictly better for the sender than the equilibrium critical types under distribution g. Finally, we will show that
the conditions stated in Proposition 3 are sufficient for (13) to hold.

As Fig. 6 and the uniform conditional variability order, ®, <,, ©, , reveal, the local stochastic order depends on the location of
the equilibrium thresholds considered. By symmetry, we focus on the positive half of the support only. For intervals below (above)
the mode m, the truncated distributions under f, dominate (are dominated by) the truncated distributions under g, in the likelihood
ratio order. To have some control over which order applies to which partition intervals — for example, to the first » intervals — it is
helpful to rely on monotonicity of equilibria in the alignment parameter a:

Claim A.1. For any symmetric logconcave density and for any n, the equilibrium critical types 1} (a) and induced means p' (a) are strictly
increasing in a for all i.

For a proof see, e.g., Deimen and Szalay (2023) or Chen and Gordon (2015). Moreover, we note that a — 0 implies that t;' (a)—>0
fori=1,...,n
The proof of Proposition 3, is completed through the following sequence of lemmas that show that condition (13) is satisfied.

Lemma A.4. (Metzger and Riischendorf (1991))

Let 1+© (1-F, ()
£+0) (1-G (%)

ummodallty with mode m, < m. Moreover, there exists a unique X such that F, (6) < G, () for 0 € (0,%), F.(X) = G_(X), and F, (0) >

G, (0) for 6 € (%, ).

be unimodal with interior mode m. The function G“’((i)) inherits unimodality with mode m; > m, the function inherits
+

Proof. Metzger and Riischendorf (1991) Section 2. []
S

For the following lemma, since [ (1- H,(0))d0 = [ (1- H,(0))d6 as H,(8) =1 for 0 > S, we unify notation and write 1

for infinite as well as for finite supports, [0, Eh].

Lemma A.5. (i) Let m denote the mode of the function g +EZ; . Conditional on 6 € [0, m), the distributions f, and g, satisfy the monotone
+

likelihood ratio property.

JO-F.@)do _
(ii) The function 3————— is unimodal in x € [0, S 7] with mode m’ € (0, m,);
[ (1-G,(9))do

for 0 <x < (<), we have E[©,]0, > x| > (-)E [ 0,] 0, > x].

Proof of Lemma A.5. (i) Follows from the proof of Lemma 4.

[ (1=F,(0))do
(ii) We first show that &———— is unimodal with mode m’. We then show that the mode m' is interior.
J(1-G,(0))ad0
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Straightforward differentiation gives

(1-F,@)d0 —(1-F,(0)[(1-G,0)d0+(1-G,(x) [ (1-F,(6)do

£l

t—g|*~—3g

(1-G,(9)do <7(1 —G+(0))d9>2

X

The sign of the derivative is positive if and only if

oo oo

(1—F+(x))/(1—G+(9))d9<(1—G+(x))/(1—F+(9))d0.

X X

Note that by an integration by parts for any x € [0,.S,), we have that for i, € {f,.g, } and H, € {F,.G, }

o 0
[ 0h,(6)do [(1-H,(©)do
E[0]®>x]== =x+-=
(6162 x] —H,o tTTIoH 0
) 7(1—F+(0))d9
Hence, 2 Z0ifand only if E[ 0|0, 2 x| 2E[ 0] 0,2 x].
J(1-G.®))d0

Since a mode is an extremunm, it is either at the boundary or satisfies the first order condition E [ (C] f| 0,2 x*] =E [®g) 0, > x*] .

We next prove that there is at most one such value x* = m'.
(1-F.(x)
(1-G4(0)
conditional distribution of ®, conditional on ®, > x under distribution G, first order stochastically dominating the conditional
distribution of ® I conditional on © =X under F,: for x > m,,

By Lemma A.4, the function is unimodal with mode m,. Thus for x > m, the function is decreasing, equivalent to the

1-F,(x) 1-F. (6 F,(0)-F. (x) G.(0)-G,.(x)

1-G,(x) " 1-G,(0) 1—F,(x) 1-G,. (%)
[ (1-F,(9))do

By implication, for x > m, we have E [G) f‘ 0,2 x] < E [®g| 0, > x] and % is strictly decreasing.
[(1-G,(0))do
For x* < m,, recall that by the first order condition we have
(o] (o]
—(1=F, (x*)) / (1-GL(0)do+(1-G, (x)) / (1-F, (®)do=0.

Differentiating a second time and evaluating at x*, we get

o oo

Iy (x*)/(l—G+(0))d0—g+ (x*)/(l—F+(0))d0

x* x*

L 1=-F (x
<t () it [(1-6,@) a0, () [ (1-F,@)do =0,
(1-6,0) J /
X X
where the equality follows from the first order condition. For the inequality note that the function % is increasing if and only
—G4

if the hazard rates of the distributions satisfy

[y () < B (%)
I-F(x) (1-G,(®)
thus for x < m,. The second derivative being negative implies that any stationary point must be a maximum, hence there is at most
one such point m’.
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oo

[(1-F,(9))do
Finally, we prove that the mode m’ of Z———— must be interior. For contradiction suppose that m’ is at the boundary.

[(1-G,(0))do

From the first part of the proof, m’ < m,, so that m’ cannot be at the upper end of the support. Thus suppose that m’ = 0, so that
, J(=F@)ao _
=~ <O0Oforall xe [O,Sf].
ox

[(1-G,(©)do

The variance of the distribution over the whole support (positive and negative) can by symmetry (h, = 2h) and by integrating by
parts twice be written as

/Gzh(e)d9=/92h+(0)d0=2/0(1—H+(9))d9=2//(1—H+(0))d0dx,
—o0 0 0 0 x

with he {f,g}, h, €{f;.g,},and H € {F,,G,}.
We can further rewrite and integrate by parts to obtain

2// 1-F, (0) d9dx-2/
0 x 0

(1-F,(0)do = =

(1-F,(®)do
(1-G,(0) dodx
(1-G.L(0))do %

*\g *\g

(1-F,(®)do o
9 (1-G, (0))dodxdz

=-2
dz

(1-G, (0))dodx +2/
0

N g N g
Mgl —~s

[(1-G,©)do= & (1-G,(©)do = %

0
(1-F, (@)do o «

(1-G,(0))dodxdz.
(1-G,(0)do =z x

(1-F (0))df « =
0

=2
9z~

(1-G,(0))dodx+2 /
(1-G,©)do o x 0

S =8> >3
N\g N\g

00 00

Substituting for y,, = / (1-H (0))d0 and o2 = 2/ f (1- H, (8)) d0dx, we have that

0

1-F,_(0))df o

S (1-F.®)

cf——crg—Z —
Hg J Jz

/(1—G+ (0)) dodxdz.
(1-GL0)doz

+

N\g N\S

We have that m’ =0 1mp11es B+ < 1. Moreover, by assumption 6; = 5;- Hence the left side is non-negative. However, the right side
g+
S [1-F@)ao _
is strictly negative due to our contradictory hypothesis that = = <O0forallze[0,S,]. O
[(1-G4(0))do '

To complete the proof, we note that Lemma A.5 implies that (13) applies for a sufficiently low. This in turn implies that for a fixed
sender partition (#!,), the receiver’s induced actions are higher under f, than under g,. Hence, the equilibrium under f, needs to
feature higher receiver equilibrium induced actions:

Lemma A.6. For any two symmetric, logconcave densities f,g with the same variance and with truncated densities f,,g, that satisfy
O, <, O, there exists a unique a' such that E [®f‘ 0, > tﬁ (a’)] =E [®g|®g > IZ ( )] Moreover, for a<d, all n+ 1 receiver

equilibrium actions under distribution f., are strictly higher than under g, a- u; (17| ol f) >a- yg ( e ,g) for all i.

Proof of Lemma A.6. By Lemma A.5, the tail-truncated expectation functions, E [@ f| 0, x] and E [®g| 0, > x], cross exactly

8

(1-F,(9))d0
. Hence,

once in the interior of the positive half of the support. The intersection is at x = m’, the mode of the ratio
(1-G4(0))d0

e glx—
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E [®f| 0,2 t” (a)] >E [@ ‘ 0, > t: (a)] if and only if t" (a) <m'. By Claim A.1, ’: < (a) is strictly increasing in a, so by continuity
there is a unique o’ such that 1 (a ) m' and moreover, t" (@)<m' fora<d'.
By Lemma A.5, the dlstrlbutlons below t" (a) satisfy that f1(0) /g, () increasing in 0 for all § < m if t” (a) < m.By Lemma A.5,
m' < m,. By Lemma A.4, m, < m. Hence, a < a' implies that f, (9) /g, (0) is increasing for all § < t”g(a) Since the monotone
likelihood ratio property is preserved under multiplication of a constant, the truncated distribution below (a) satisfies the mono-
9 S+ 84.(0)
a0 F. (@) Gy (fh (@)
S+(6) 2.(0)

(a),t" (a)) satlsfy + / +

s 9 7 (w) (i) 6 70)6, )
hood ratio property implies first order stochastic dominance, which in turn implies that inequality (13) is satisfied forall i = 1, ..., n if
we keep the partition at the equilibrium partition under g, (t'.' ). Therefore, we can conclude that both the equilibrium critical types

L@t @) fori=1,... nfora<d. O

tone likelihood ratio property, > 0. More generally, the conditional distributions truncated to any interval

e 1 " >0 fori=1,...,n. Asis well known, the monotone likeli-

and the receiver’s induced actions are increased so that u I (t” s (a),t" iy (a)) > ;4 <

O

i—

Proof of Proposition 4. The proof of the second part regarding linear tail-truncated expectations is given in Deimen and Szalay
(2019). The proof of the first part extends that proof to convex tail-truncated expectations. Before proving the result by induction,
we make some preliminary observations on the conditional probabilities and the tail-truncated expectation function. A more detailed
version of the proof can be found in the working paper version Deimen and Szalay (2023).

For k=2, ...,n, define p,_; as the probability that € [tk_z, e 1] conditional on 6 > ¢, _,,

_Fk (tk—l) - F, (tk—2).

k-1 =
1-F, (th_n)
Accordingly, 1 — p,_; = % is the probability that 6 > t,_,, conditional on é > ¢,_,. Note that p,_,pu;_; =E [0| 0> Tk_z] -

(l - ﬁk—l) E [0| 0> tk_l]. Solving for p,_;, we can write the probabilities as

E[01021,_]-E[01021,_,] . E[010>1, 5] — 1y
and 1-p,_; = .
E[01621,] = myy E[016>1,1] = py

Observe that (1—p;_,) - p_; is the probability of the event 6 € [t;_,.7,_,] conditional on 6 > 1, 3, and (1—p;_5) - (1= p;_;) is
- F+(’k 2)
— &2 and

Fy(1-3)

Pr—1=

the probability of the event § > ¢, _; conditional on 6 > ¢, _5. To see this, note that 1 — p,_, =Pr [0 >t 5021, 3] =

Fy (t5=1) =Fy (1x—2)

1-F (1) ’
Define, for all > 0
E[0]10>1]-E[0]0>0] ¢@)— $(0)

t h t ’

Define u, := ¢(0) =E[6]|6 > 0]. Note that ¢(z) = E[0| 6 > ] can always be written as the pseudo linear interpolation E[0]6 > t] =
Hy +1-a(t). In the case of a linear tail-truncated expectation, a(?) is a constant. In the convex case, we show that a(?) is increasing
int:

For t = 0, we take the limit a (0) = lim,_, % = % E[6]6 > 1t]|,_- Likewise, by 'Hépital’s rule, lim,_, % =
2 010211~ (EL 01021 )

12

recall that p,_; =

a(t) :=

lim,_, %[E [6]6 >t]. Moreover, o () = = % (%[E[Ol 0>1t]— oc(t)). By the fundamental theorem of calcu-

E[01021]—p, _ /0 a[E[9|9>z]dz
t t

— 9 ' = L{29 _9
= LE[0]0>z]| _ . Hence, o' (1) = t(az[E[0|02z]|z=t 2E[0]6>z]

lus a(t) =
/ 2 E[0]022]1dz
t

. By the intermediate value theorem for integrals, there is some value t* € (0,f) such that

> > 0, where the inequality follows
z=t*
from t* € (0,¢) and from convexity of E[ 8|0 > ¢] in ¢. Thus, a(¢) is increasing in ¢ and hence minimal at @ (0) =

Recall the alignment parameter a € (0, 1). Define ¢ :=a - a.

Assume that ¢ € (0,2). Note that for all distributions with logconcave densities this is not a constraint. In this case, a < a(t) <1
for all ¢, since logconcave densities have a decreasing mean residual life (see Bagnoli and Bergstrom (2005), Theorem 3 and Lemma
2) and «(t) > 1 for some ¢ > 0 would imply that the mean residual life at ¢ is higher than at zero, a contradiction.

Let X}/ (tZﬁl ) be equal to ¢? times the expected squared deviation of the truncated means from 4, conditional on 6 > n_p

. A 2 2 2 A

X (fZ 1) 1= By (euy —éuy) "+ (1-5y) Kiewr -

Induction hypothesis.

XL 2 X3 () =t
+2(CE[01021;_ | —lpy) (2_A
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Induction base. The proof of the induction base is a simplified version of the proof of the induction step and therefore omitted.
Induction step.

By definition, X! (tf_,) = pr_y (ép]_, — 6/4+)2 + (1= pry) Xj (#7_,)- Since X[ (17 ) > X (11 _ ), we have

Xy (65) 2 By (Emy_, _6/‘+)2 + (1= pyy) X5 (1) = fn 1 (1)
Substituting for the probability p,_; and for X} (tﬁ_I ), we obtain
CE[01021 || -¢E[01021] ]

CE[01021; || —émy_,

, CE[01021 5| —éu)
CE[01021] || —éu)_|

Xy (n,)= (Cuy_y —épy

é . R R N N R é N
. <ﬁ (Cuy +eu)) (euy —ep)) +2(CE[010 21| — ) (ﬁ (s +Hy) = CM+)) :
Expanding the numerators of the probabilities by +¢y, and reorganizing according to common factors, we can write X et (tz_z) =
A, _, +B_,, with
CE|0|0>1" | —¢u Cu, —éu”
Ao =3 | nk_I] - n+ (emi_y _CA”+)2 3 - =
CE [9| 0> tk_l] ey,

‘<2C (cy++cl4k) (cy+—cyk)+2(c[E[9|9>tk 1] —6/@)(%@ (;4++;4;)—é/4+>>

[\

and

L —CE[0l6>17 ] o CE[016=1" | -éuy
N n AN CMZ—I —CHy PN n AN
CE[o1021_ ] -emy_ S A R

n =
k—=1—"

(2%6 (6/4++€,uz) (c,u+ )+2 c[E[6|9>tk ]] —6;4+) (2%5 (/4++;42)—6,u+)).

The indifference condition of type 7, _ , éuy =2at} | —¢u;_,, allows us to substitute for ¢u;. Hence,

c[E[0|0>Z 1]—c,u+ 2 E,u+—6/42_1

A" _ AN _a
e [010 21| —ém_, (e e CE[01021_ ] -émy_,

: (ﬁ (Chy + 2aty = 6”2—1) (ény — (2212—1 - 6”2—1))

+2(CE[010 21, ] —eu,) (zié (en+2any = el y) =) ).

6IE[6|€>:” 1]—6u+
L[E[o\a_k 1] —eul_,
A A o Cuy —cuk )

c[E[0|9>tk J-ew

Collecting terms with the common factor (6 My —Cu +) and simplifying, we get

4

(3= (e ) +aar_jeny )+ (CE010 20 ) —en,) (5= (arp — ) ).

Similarly, we can derive
CE[01021) | —éuy
CE[01021; || —épy

B =2 (CA[E [9|9 2 12—2] - CA'“+> <2%5 (/‘+ +”Z—1) _5”+)

. 4 4
'(ﬁ(_“(ﬂtﬂl) +daty_ Cuy_ 1) +(cE[01027;_] _C”+)<m212—1_m5”2—1>)'

We aim at showing that the second lines in A; and B, respectively are both positive. We then obtain a lower bound on 'S o by
discarding them.

Note that
ey —ep | . CE[016=17 | —éuy c[E[9|9>tk S| —éup,
CE[01020 | =l | GE[0l0>1 | -cul | GE[0l0211 | -eul |

Since E [6’| 6> t" 1] >E [0| 6> t" 2] >E [9| 0 e [tk 09 k 1” = /4k " both the denominator and the numerator are positive.

By the deﬁmtlons ofa, a, andbyconvex1ty, ¢cE [6)|9 > tk 1] —Cu, =Ca (tk 1) tz L2 cat" |- Moreover, since a < 1 and tk L2 yk »

at} | —éu!  =a(f}_ —ap] ) >0. Taken together, we get
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(cE[01020; ] eu,) (5art, -

and therefore

é N R 4 4
2 ¢ (_4 (th—l) +daty el 1) + (CE [QWZ’Z—J —éuy) (2_52’2—1 - 2_50”1’:—1)
e 4 4
22—6 —4(gt2_l) +4atk 1c”k l>+cat2 1(2 (xtﬁ . 2_€cy2_1>
=0.

Note that all inequalities involving a are strict for the case in which « (tg_] ) > a. This implies that the second lines in A} and B} are
indeed positive. Hence, we have

2 2 ¢ <6”+ _6”2—1) (é”++é”2—1> +2(6[E [9|9 th—z] _6”+) (2 £

77 (4 + 1) —5ﬂ+)~

This concludes the induction step.

It follows that X;’ (18) > 2%@ (E‘,u’l’ + 6/4+) (€y+ - 5/4’1’)

By definition, X7 (1) = E [(éyf - éy+)2]. Canceling ¢, we get
aa

B[ - )| 2 57— (12 - ()%)

T 2-aa

with strict inequality if E[60]6 > 1] is strictly convex in 7. Decentering again and noting that by the law of iterated expectations
E [u'uy] =E [(uy)?], we can write

E [(ﬂ”)z] > zi (M+ (Mf)z) +

Recall that ¢(0) = p, and a = ¢’ (0). Thus, for limit n — oo, we have yq’ — 0 and

aa
aru=E[ ()| 2 5= i+ 1 = 002 O

Proof of Lemma 2. Straightforward integration gives for any [z, 1 Cc [0, —%] s

- 7 r—t
Elol@el) =t - L Gad) a4
- 1- 1-6 5o\ —+
1 1+;r §
(1+§z>
For the special case of = —= and 7 € [O %], we get
1 s+1
E[@©®>1] = E[O|©>0]+ T3 1= 15 (15)

Hence, the generalized Pareto distribution features linear tail-truncated expectations. Therefore, we can apply the value characteri-
zation of Deimen and Szalay (2019), which derives the expected utility of a limit equilibrium given in (4) as an upper bound on the
expected utilities of finite equilibria. The variance of 4" in a Even equilibrium is given by

a

2 1= 2
var(u")—2 M~ 5 =0 (un).
T 1-s T 15

The variance of " in an Odd equilibrium is given by

ap!! au’ 2 -
2 2)]) ( 2 =5 n
TTH T ’ a Myt a MM+ |-
202 2- 1-5 2- -5

Deimen and Szalay (2019) shows that a limit equilibrium exists for the special case of § = 0. Here, we extend the proof of existence of
a limit equilibrium in Proposition 1 to the class of all logconcave densities, which includes the generalized Pareto distribution with
se[-1,01. O

®c

var(u™) = <1 —Pr

Proof of Proposition 5. One can show that our limit equilibrium yields a higher payoff than any finite equilibrium in the commu-
nication game. Compare the receiver’s expected utility in a limit equilibrium under communication
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2- L _
Eug (au®,0,a) = a* (Uar(/fx’) - 0'2) =g — 105252 = —azozl—a
27— ﬁ 2—a—-26
to the receiver’s expected utility under delegation Eug (©,0,a) = —(1 - a) o2. The receiver prefers delegation over communication
if
l—a 2—-3a
—(l-a)le’>-d*c"——" o 5> )
(I-ayom2 =o'y 2755 23 2. H

Lemma A.7. Assuming symmetry and logconcavity, the distributions in the generalized Pareto class satisfy Definitions 1 and 2.

Proof of Lemma A.7. Take two members f» g of the generalized Pareto family with parameters s, and s’, 8’ respectively, such that
s'<s,0>6 >6>-1, and—-<—— Thus, let

1o N
f+=l<1+é(9> ’ and g, = 1<1+5—0> T
s s s!

Consider © f + <¢ O, As shown in the proof of Lemma A.8, with G, :=1-G, and F, :=1— F,, we can equivalently check
convexity of G, . F 4+ (6):

1
5

3

We have G, (0) = (1 n ;—ﬁa)
a/
i sA\F )&
G+F+(0)=<(1+60>& >?
5’

Fi
22 2 4
Differentiating twice, we get G F )= < (3 - 1) (1 + %9) s > (%) f—, > 0, where the inequality follows from noting

and F,(0) = (1 n ge) Thus G, () = (u—&' _ 1) % and

that 6 < 6’ <0 implies that 0 < %I <1.

. . fe s . . o Sh g .
Consider © 7, Suw Og, : Note that . is increasing (decreasing) if 7 > (<) P Noting that

—(1+5)§(1+§0)_1

1 5
/! ‘(1+5);—2(1+f9> s
T+ l(1+9‘e)7% 1
S S
and

’ -1
B __ (1+6) ! <1+6—,0) ,

8+

we observe that ;* > =t 1f and only if

1 -1
—(1+5)%(1+§9) ~(1+8) <1+5—'9> . (16)

At0=0, inequality (16) is satisfied since s’ < s and 8’ > & imply (1+ &) % >(1+56) %
For0<f<—= lnequality (16) is equivalent to

!
(1+5) 1(1+59)>(1+5)1<1+5—9> a7)
s
The left side of (17) decreases in 0 at rate (1 +6' ) — <, while the right side decreases at rate (1 + 5) -=. Now 6 < &' implies that
(1 + 6’) == < 1+ 5) - —,, so the left side of (17) decreases faster.
Fmally, atf=—-= the left side of (17) is zero, while the right side is positive, so the inequality is reversed.

It follows that there exists a unique interior mode. []

Proof of Lemma 3. Since the Gaussian distribution features a convex tail-truncated expectation (see Sampford (1953)), the minimal
slope for the tail-truncated expectation is obtained at 6 = 0.

2eel0z1| =@EolOsn-nLY | 2O, 1L
ot =0 1—F()lw o \/5
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Moreover, we have E[O|O >1]|,_g=¢(0)=0c lf gzr) 0= a%. Substituting in (4) for ¢(0) and the minimal slope, we obtain the
- 1= 4
result. [

Lemma A.8. Denote the Gaussian distribution by F and the Laplace distribution by G,
i) then ®f+ <. ®g+.
i) then O, <, 0,,.

Proof of Lemma A.8. i) Follows from van Zwet (1964) p.59, as the Gaussian distribution has an increasing hazard rate.
ii) Let g, be the Laplace and f, be the Gaussian densities truncated to 6 > 0. Then
2
)
e

o 262

1
f+(0) _ Varo _
g+(€) ﬁe_gg 2\/;

>

and we observe that £ +(0)
£+(0)

is increasing for low levels of # and decreasing for high levels of . []

Proof of Proposition 6. i) For the Laplace distribution, communication in a limit equilibrium is preferred over delegation if
1 2
a2 (Egi —(%) >—(1-a) ai,

which holds if and only if a < a, := %, independently of oi.

For the Gaussian distribution, using the lower bound for communication, we obtain that communication in a limit equilibrium is
preferred over delegation if

IFS

2 2 2
—og|z-(1-a) o,

which holds for a < ag :=0.702, independently of aé.

As % <ag < ag, the statement follows. In particular, for a € (%,0.702) delegation is strictly optimal for a Laplace distribution
while communication is strictly optimal for a Gaussian distribution.

ii) Comparing the values of communicating in a limit equilibrium for the Gaussian and Laplace distributions, the Gaussian distri-
bution induces a higher value of communication than the Laplace

ifa<0.858 and o <o7. [

140

Proof of Lemma 4. Since the supports are assumed to be R, we have supp(f) C supp(g). It remains to be shown that the ratio RO
+

is unimodal with mode m an interior maximum.
f+0)

Logconcavity of the ratio
g4+(0)

is equivalent to

2 <;—9f+(9> _ 55&®

<. . . S
%\ o RO > < 0. That the difference is falling implies that one of three

) ) N 210 2 0) ) 210 T 0) ) )
cases holds: either the difference is positive for all 6, "“} @ ”ZT , negative for all 6, ‘3“} @ "ZT , or changes sign once, i.e.,
+ + + +
aJ 9 a9 ad aJ ad
. 5 f+O|g=p, =5 8+ ]g=m =5 /+(©) =5 8+(0) 5 f+©) =5 8+(0) =
there is some value m such that 22—~ lo=n _ 38 &+@lo and £+ 2087 for g € [0,m) and 22~ 2087 for 0 € (m,S].

Sy (m) - 84(m) f+(0) 8+(0) /+0) 8+(0)
The first two cases amount to MLRP on the positive half and can be ruled out by the following argument: In the first case,

monotonicity of the likelihood ratio for all § > 0 implies that F, () and G, (0) are ranked in the usual stochastic order, ©,, > 0, .
By symmetry, this implies that F (6) and G (¢) are ordered in the convex order, ®,, > ., ©,,. In the second case, both relations are
reversed. Both cases imply that the distributions must have different variances, contradicting our assumption.

Hence, case three applies, implying that Lo

p is unimodal with unique interior mode m. By concavity the mode is a maximum. []
.

Proof of Lemma 5. We show that the convex transform order, ®,, <. ©,,, is transitive. Note that

&+
G'F,(0)=G,'H_ H'F,(9).
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Since G7'H, () and H'F, (0) are increasing functions, G7! F, () is convex if G_' H, (9) and H_'F, (0) are convex.

Recall that a Laplace distribution is a two-sided exponential distribution. van Zwet (1964) shows that for H, the exponential
distribution, H;lF ', (0) is convex for any distribution F, with an increasing hazard rate. Since logconcavity of the density implies an
increasing hazard rate (Bagnoli and Bergstrom (2005)), H;l F, (0) is convex. Likewise, by van Zwet (1964), H;lG + (6) is concave
for any distribution G, with a decreasing hazard rate. Again, logconvexity of the density implies a decreasing hazard rate (Bagnoli
and Bergstrom (2005)).

Hence, we need to show that H ;1 G, (0) is concave if and only if GIIH 4 (0) is convex. We note that H ;1 G, (0) is concave if and

g (G w) hy (H W)
M is decreasing in u € [0, 1] while G7' H, (9) is convex if and only if M
he (') g (65 w)

H{'F, (0) is convex if and only if H;'G (6) is concave. []

only if is increasing in u € [0, 1]. Hence,

References

Alonso, R., Dessein, W., Matouschek, N., 2008. When does coordination require centralization? Am. Econ. Rev. 98 (1), 145-179.

Alonso, R., Matouschek, N., 2008. Optimal delegation. Rev. Econ. Stud. 75 (1), 259-293.

Alonso, R., Rantakari, H., 2022. The art of brevity. J. Econ. Behav. Organ. 195, 257-271.

Antié, N., Persico, N., 2020. Cheap talk with endogenous conflict of interest. Econometrica 88 (6), 2663-2695.

Arnold, B.C., 2008. Pareto and generalized pareto distributions. In: Modeling Income Distributions and Lorenz Curves. Springer, pp. 119-145.
Bagnoli, M., Bergstrom, T., 2005. Log-concave probability and its applications. Econ. Theory 26 (2), 445-469.

Cambanis, S., Huang, S., Simons, G., 1981. On the theory of elliptically contoured distributions. J. Multivar. Anal. 11 (3), 368-385.

Chen, Y., Gordon, S., 2015. Information transmission in nested sender-receiver games. Econ. Theory 58 (3), 543-569.

Crawford, V.P., Sobel, J., 1982. Strategic information transmission. Econometrica 50 (6), 1431-1451.

Deimen, L., Szalay, D., 2019. Delegated expertise, authority, and communication. Am. Econ. Rev. 109 (4), 1349-1374.

Deimen, I., Szalay, D., 2023. Communication in the shadow of catastrophe. Working paper.

Dessein, W., 2002. Authority and communication in organizations. Rev. Econ. Stud. 69 (4), 811-838.

Dessein, W., Lo, D., Minami, C., 2022. Coordination and organization design: theory and micro-evidence. Am. Econ. J. Microecon. 14 (4), 804-843.
Di Tillio, A., Ottaviani, M., Sgrensen, P.N., 2021. Strategic sample selection. Econometrica 89 (2), 911-953.

Dilmé, F., 2022. Strategic communication with a small conflict of interest. Games Econ. Behav. 134, 1-19.

Garicano, L., Rayo, L., 2016. Why organizations fail: models and cases. J. Econ. Lit. 54 (1), 137-192.

Goémez, E., Gémez-Villegas, M.A., Marin, J.M., 2003. A survey on continuous elliptical vector distributions. Rev. Mat. Complut. 16 (1), 345-361.
Gordon, S., 2010. On infinite cheap talk equilibria. Working paper.

Gupta, R.C., Kirmani, S., 2000. Residual coefficient of variation and some characterization results. J. Stat. Plan. Inference 91 (1), 23-31.

Hardy, G.H., Littlewood, J.E., Polya, G., 1929. Some simple inequalities satisfied by convex functions. Messenger Math. 58, 145-152.
Holmstrém, B.R., 1977. On Incentives and Control in Organizations. Stanford University.

Jewitt, 1., 1989. Choosing between risky prospects: the characterization of comparative statics results, and location independent risk. Manag. Sci. 35 (1), 60-70.
Jewitt, I., 2004. Notes on the ‘shape’ of distributions. Working paper.

Liu, S., Migrow, D., 2022. When does centralization undermine adaptation? J. Econ. Theory 205, 105533.

Lyu, Q., Suen, W., Zhang, Y., 2023. Coarse information design. Working paper.

Mandelbrot, B., 1963. The variation of certain speculative prices. J. Bus. 36 (4), 394-419.

Mas-Colell, A., Whinston, M.D., Green, J.R., 1995. Microeconomic Theory. Oxford University Press.

Melumad, N.D., Shibano, T., 1991. Communication in settings with no transfers. Rand J. Econ. 22 (2), 173-198.

Metzger, C., Riischendorf, L., 1991. Conditional variability ordering of distributions. Ann. Oper. Res. 32 (1), 127-140.

National Comission on the BP Deepwater Horizon oil spill and offshore drilling, 2011. Deep Water. The Gulf Oil Disaster and the Future of Offshore Drilling.
Pickands, J.I., 1975. Statistical inference using extreme order statistics. Ann. Stat. 3 (1), 119-131.

Rantakari, H., 2008. Governing adaptation. Rev. Econ. Stud. 75 (4), 1257-1285.

Rantakari, H., 2013. Organizational design and environmental volatility. J. Law Econ. Organ. 29 (3), 569-607.

Sampford, M.R., 1953. Some inequalities on mill’s ratio and related functions. Ann. Math. Stat. 24 (1), 130-132.

Shaked, M., Shanthikumar, J.G., 2007. Stochastic Orders. Springer.

Szalay, D., 2012. Strategic information transmission and stochastic orders. Working paper.

van Zwet, W.R., 1964. Convex Transformations of Random Variables. Mathematisch Centrum, Amsterdam.

Wellner, J.A., 2013. Strong log-concavity is preserved by convolution. In: High Dimensional Probability VI. Springer, pp. 95-102.

Whitt, W., 1985. Uniform conditional variability ordering of probability distributions. J. Appl. Probab. 22 (3), 619-633.

29


http://refhub.elsevier.com/S0022-0531(24)00122-4/bib4E9519E2425CD9114D635EC89B587D08s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib1B250467DE253850027BCFF049A511DFs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib1F58E34F27D5FAF17B0E25EA4CE6449Es1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib64307DE272325E8C6C8BE8481EC5F10Cs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibD78F12A7C968C190A100CAEEF4A81AF4s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib2474BDF76F87179677D1CA9E86B67B4Bs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibD4854189EC3C9F0146F6F4B6C2F0463Es1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib18CD23599F463EDCCE22C6BABFC400C1s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib37DD59DF119118F5A02BAFFAE9CE309Cs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib3B4744299AF842DFEB009192C4519945s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib6F50DC9E010010B63726EC4762A80568s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib96EF014D103A04B4ABAD4CBB2F35860Bs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib48A088AF0C32989551857E8DC5C3C44Ds1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib9681954FB6C2AE445AF3371EC28FC383s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibB69BF400D41B03CE26AC6FF39A8CA002s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibCE594F72049898A41690827613A368DAs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib4D846A24B17A8D67A2EE3E919E26BEADs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib2E7B2D817CCC0A7E13DD1213B394475Es1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib04D9477AFC5454A35660C0314C50BCA9s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib64F29A05083DAA514FF5C3B0323941D8s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibEFFBD8DF5546F2FD42F5AEA0E2C2FC35s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibFDA7DD236E1D1C86C60639D0FB3091C9s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibCDA5FBE404270814A880AF271EAA3959s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib53E465FD55AB63D83C89E5DCE9D7CFA6s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib488151C10847BC56169C7E1ECB38179As1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibF34A677C86CE4995AEE1D631FE4749C5s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibFBC7D6BE640FC5DB1E21D2B3A6973C84s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib8BCEFBF3BBFDC41ED40C3F8A7D48AEA7s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib8210F9EACD7AA59609D72B721C5A7D02s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibE98D2F001DA5678B39482EFBDF5770DCs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib38D76C2ECC4145185316A76CD4A73526s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibB5AE9ED87550E8572A50F97E37624E7Ds1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibCC1C77B0D77DA51E3B2C931E8034228Cs1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib184704C954470965718F2F8577ACC927s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib060882DD4FF63BF4B140AE4AA78F1FA3s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib5453D45EA31F228281D4436DFCF84110s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibE8307997C690A08C5319993EDDE491A7s1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bib06C673BA3103C2DD6104A658B040384As1
http://refhub.elsevier.com/S0022-0531(24)00122-4/bibC3DA7C0FC953C7B8EFDA2D8A315E5E7Fs1

	Communication in the shadow of catastrophe
	1 Introduction
	Illustrative example
	Related literature

	2 Model
	3 Equilibria and payoffs
	3.1 Equilibria of the communication game
	3.2 Communication gains
	3.3 Linear transformations

	4 Increasing, convex transformations
	4.1 Equilibrium quantiles
	4.2 Equilibrium gains

	5 Delegation versus communication
	5.1 The linear case: generalized Pareto distribution
	5.2 A convex case: Gaussian versus Laplace

	6 Thin versus heavy tails
	7 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	References


